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E"".07+)'#$0 7$#'5$60"%$< <'('%10($"1$% .+@'"10; ('F+6$< 
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" H$7%+"1*8  
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The mathematical model to solve the mechanical boundary value problems of 

complicated deformable body at interaction with a fluid is formulated. The effective 

method of numerical solution for this problem is elaborated and applied to investigate 

dynamic characteristics of water wheel blades of Kaplan hydraulic turbines. 

1.  !"#$ %&'(#)&*+# ,#-#./ / 01 #+(2#34)&'(4 

  ")3?$ " )G('F+1%+; (0"/("' 5#+,$< ,$7(+1/(F$# ) A%('$#0, @($ $< 

5+70(#$?'-$$ )+?#$%'01 )+@(+" + @(+7.0#$$ "(+%' "./HFG $< +170.*#G< /?.+) 

$ 701'.0; $ ?'50#0 5+('.*#+ $ :$?$60"%$ /"1'(0)L0,+ +F+(/7+)'#$3 @($ 

@+)GL0#$$ 5+M#+"1$ $ N%"@./'1'-$+##+; #'70H#+"1$ ,$7(+1/(F$#. O-0#%' 

N::0%1$)#+"1$ $ +FP05' (0%+#"1(/%-$$ 1(0F/01 )G"+%+1+6#G< $ +@0('1$)#G< 

501+7$% $ @(+,('55 $"".07+)'#$3 @(+6#+"1$ $ 7$#'5$%$ %+#"1(/%-$; /?.+) 

,$7(+1/(F$# @($ ('?.$6#G< (0H$5'< N%"@./'1'-$$. 

E?/60#$8 ")+F+7#G< %+.0F'#$; %+#"1(/%-$;, )?'$5+70;"1)/8M$< " 

H$7%+"1*8, @+")3M0##+0 F+.*L+0 %+.$60"1)+ @/F.$%'-$;. J(/@@+; 

$"".07+)'10.0; )+ ,.')0 " Q'H'#+)G5  .J. [1] "+?7'# %+5@.0%" @(+,('55 

(0L0#$3 ")3?'##+; ?'7'6$ ,$7(+/@(/,+"1$ 7.3 @.+"%$< 7)/<50(#G< $ 

+"0"$5501($6#G< +FP0%1+).   (+F+1'< R+"1#+)'  .>. [2] @(07.+H0#' 

)'($'-$+##'3 :+(5/.$(+)%' @(+F.05G )?'$5+70;"1)$3 /@(/,$< N.050#1+) 

%+#"1(/%-$; " H$7%+"1*8.   @/F.$%'-$3< J+#1%0)$6'  .2. [3], J+(0.+)' B.S. 

[4], T%'60)+; U.>. [5], V0#', &+#,' [6] $?/6'81"3 %+.0F'#$3 +170.*#G< 

N.050#1+) ,$7(+1/(F$#G, @($ N1+5 70.'81"3 1'%$0 @(07@+.+H0#$3: 

@($50#301"3 ,$@+10?' + "+)@'70#$$ :+(5 "+F"1)0##G< %+.0F'#$; ) )'%//50 $ 

H$7%+"1$; " @+5+M*8 ,$@+10?G -$.$#7($60"%$< "060#$; @(+"1('#"1)0##'3 

?'7'6' +F10%'#$3 .+@'"1$ ")+7$1"3 % 7)/<50(#+;.   /%'?'##G< ('F+1'< 7'#G 

@+"1'#+)%$ ?'7'6 ,$7(+/@(/,$< %+.0F'#$; .+@'"10; 1/(F+5'L$# $ )$#1+) ) 

1(0<50(#+; @+"1'#+)%0, #+ 6$".0##G0 $"".07+)'#$3 #0 @(+)070#G. 

  7'##+; ('F+10 @+"1').0#G $ (0L0#G ".07/8M$0 +"#+)#G0 #'/6#+-

10<#$60"%$0 ?'7'6$: 

– ":+(5/.$(+)'#' 5'105'1$60"%'3 5+70.* (0L0#$3 %('0)G< ?'7'6 50<'#$%$ 

70:+(5$(/05+,+ 1)0(7+,+ 10.' ) +F.'"13< ".+H#+; :+(5G @($ )?'$5+70;"1)$$ 

" H$7%+"1*8; 

– ('?('F+1'# N::0%1$)#G; 501+7 6$".0##+,+ (0L0#$3 ?'7'6$ +@(070.0#$3 

6'"1+1 $ :+(5 ")+F+7#G< %+.0F'#$; %+#"1(/%-$;, %+1+(G0 )?'$5+70;"1)/81 " 

)+7+;; +F+"#+)'#' -0.0"++F('?#+"1* ")070#$3 ?'7'6 +@(070.0#$3 
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@($"+07$#0##G< 5'"" H$7%+"1$ % ,$@0("$#,/.3(#G5 $#10,('.*#G5 

/(')#0#$35; 

– @+"1(+0##G; 501+7 @($50#0# % $"".07+)'#$8 7$#'5$60"%$< <'('%10($"1$% 

.+@'"10; ('F+6$< %+.0" @+)+(+1#+-.+@'"1#G< (RU) ,$7(+1/(F$#. 

R(07.','05'3 105' @(07"1').301"3 '%1/'.*#+; %'% ) 10+(01$60"%+5, 1'% $ 

@('%1$60"%+5 +1#+L0#$3<. 

2.  5#(06#(/.0'+#$ 6&-034.  

  ('F+10 [7] @($)+731"3 +"#+)#G0 "++1#+L0#$3, @+?)+.38M$0 @+"1(+$1* 

5'1($-/ @($"+07$#0##G< 5'"" %+#"1(/%-$$ @($ +7#+"1+(+##05 %+#1'%10 00 

70:+(5$(/05G< N.050#1+) " H$7%+"1*8.   7'##+; ('F+10 @($)0705 '.,+($15 

@+"1(+0#$3 5'1($-G @($"+07$#0##G< 5'"" 7.3 +@(070.0#$3 6'"1+1 $ :+(5 

%+.0F'#$; /@(/,+; %+#"1(/%-$$ @($ 7)/"1+(+##05 %+#1'%10 00 @+)0(<#+"10; " 

H$7%+"1*8, 61+ F+.00 '70%)'1#+ +@$"G)'01 @(+-0""G, @(+$"<+73M$0 ) 

N.050#1'< %+#"1(/%-$;. 

2$"105/ /(')#0#$; 7)$H0#$3 70:+(5$(/05+; %+#"1(/%-$$ "$5)+.$60"%$ 

?'@$L05 ) )$70 

pUMUL  ! )()( ,           (1) 

,70 L, 5 – +@0('1+(G /@(/,$< $ 5'""+)G< "$.; p – 7').0#$0 H$7%+"1$ #' 

('""5'1($)'05G; N.050#1 %+#"1(/%-$$ (.+@'"1*), U=(u1, u2, w)T – )0%1+(-

:/#%-$3 @0(050M0#$;. O1501$5, 61+ p = (0,0,P)T )".07"1)$0 1+,+, 61+ $70'.*#'3 

H$7%+"1* "+?7'01 1+.*%+ #+(5'.*#+0 7').0#$0 #' @+,(/H0##+5 10.0. 

2%+(+"1* #'F0,'8M0,+ @+1+%' @($#$5'01"3 (')#+; #/.8, 1'% %'% 00 (0'.*#G0 

?#'60#$3 @('%1$60"%$ #0 ).$381 #' 6'"1+1G. B)$H0#$0 H$7%+"1$ $?/6'01"3 ) 

1(0<50(#+; @+"1'#+)%0 501+7'5$ 10+($$ @+10#-$'.'. R(07@+.','01"3, 61+ 

H$7%+"1* $70'.*#'3; ")+F+7#G0 )$<($ #0 +F('?/81"3 $ #0 "<+731 " #0"/M0; 

@+)0(<#+"1$.   1'%+5 "./6'0 "/M0"1)/01 @+10#-$'. "%+(+"10;, 

/7+).01)+(38M$; )"87/ )#0 70:+(5$(/05+; @+)0(<#+"1$ ,'(5+#$60"%+5/ 

/(')#0#$8, ' #' 00 .$-0)G< @+)0(<#+"13< S" # /".+)$8 #0@(+10%'#$3. 

R($ F0?)$<(0)+5 1060#$$ )+?5/M0##'3 "%+(+"1* H$7%+"1$ @(07"1').301"3 ) 

)$70 

),,,(grad),,,( tzyxtzyx $ v ,        (2) 

,70 $(x,y,z,t) – @+10#-$'. "%+(+"10;, $#7/-$(+)'##G< 5'.G5$ ")+F+7#G5$ 

%+.0F'#$35$ @+)0(<#+"1$. B.3 +@(070.0#$3 7').0#$3 H$7%+"1$ #' "5+60##G0 

@+)0(<#+"1$ "./H$1 $#10,('. C+L$-U',('#H', %+1+(G; ) ('""5'1($)'05+5 

"./6'0 5+H01 FG1* ?'@$"'# ) ".07/8M05 )$70: 
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,70 .2 – @.+1#+"1* H$7%+"1$. 
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B.3 #'<+H70#$3 7').0#$3 H$7%+"1$ #' 70:+(5$(/05/8 @+)0(<#+"1* 

#0+F<+7$5+ +@(070.$1* :/#%-$8 $(x,y,z,t), (0L'3 /(')#0#$0 U'@.'"' @($ 

".07/8M05 ,('#$6#+5 /".+)$$: 

% &
t

w
grad s -

-
 /$ n ,           (4) 

,70 n – )#0L#33 #+(5'.* % @.'"1$#0. R(')'3 6'"1* ?70"* @(07"1').301 "+F+; 

"%+(+"1* #+(5'.*#+,+ @0(050M0#$3 w 70:+(5$(/05+,+ N.050#1'. 

 T'%$5 +F('?+5, 1(0F/01"3 +@(070.$1* :/#%-$$ U, ),,,( tzyx$ , 

/7+).01)+(38M$0 "$"1050 7$::0(0#-$'.*#G< /(')#0#$; (1)-(3), /".+)$35 

#0@(+10%'#$3 (4), ?'%(0@.0#$3 %+#"1(/%-$$ $ ?'1/<'#$3 )+?5/M0##+; "%+(+"1$ 

H$7%+"1$ #' F0"%+#06#+"1$. B.3 +@(070.0#$3 )0%1+( :/#%-$$ U $"@+.*?/05 

501+7 ?'7'##G< :+(5. 

3. 50(&- ,#-#))78 9&:6.  

B'7$5 +@$"'#$0 501+7' ?'7'##G< :+(5 @($50#$10.*#+ % ?'7'6'5 +F /@(/,$< 

%+.0F'#$3< N.050#1+) %+#"1(/%-$; ) H$7%+"1$. 

K'""5+1($5 ?'7'6/ + 5'.G< ,'(5+#$60"%$< %+.0F'#$3< /@(/,+; %+#"1(/%-$$ 

) )+70. R(07"1')$5 )0%1+( U ) :+(50 U=uei0t, ,70 0 – 6'"1+1', ' u – "+F"1)0##'3 

:+(5' %+.0F'#$; ) H$7%+"1$. 

Q/705 $"%'1* "+F"1)0##G0 :+(5G %+.0F'#$; ) H$7%+"1$ ) )$70 (37' 

1
 

 
N

k

kkc
1

uu ,             (5) 

,70 uk – "+F"1)0##G0 :+(5G %+.0F'#$; ) )'%//50, "k – #0$?)0"1#G0 

%+N::$-$0#1G. 

E5081 50"1+ ".07/8M$0 "++1#+L0#$3: 

kjjkkkk 2 0 )),((,)()( 2
uuMuMuL . 

2.07+)'10.*#+, 

kjkjk 22)),(( 0 uuL .            

W70"* k0  – k-'3 6'"1+1' "+F"1)0##G< %+.0F'#$; ) )'%//50. X1$ "++1#+L0#$3 

@+%'?G)'81, 61+ "+F"1)0##G0 :+(5G %+.0F'#$; ) )'%//50 +(1+#+(5$(+)'##G 

@+ 5'1($-0 5'"". 

  "++1)01"1)$$ " :+(5/.+; (3) ) "./6'0 ,'(5+#$60"%$< %+.0F'#$; )0.$6$#' 
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T'%$5 +F('?+5, "$"105' /(')#0#$; ?'7'6$ $ ,('#$6#G0 /".+)$3 ?'@$L/1"3 ) 

)$70 

% & % & % &% &!# #0 ! 33.2,0,0 iuMuL , 02  4 3 ;     (6) 

% &5664 r03  ;     wi
S

0 "
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 R/"1* S –('""5'1($)'05'3 70:+(5$(/05'3 @+)0(<#+"1*, @+,(/H0##'3 ) 

H$7%+"1*. R(07"1')$5 :/#%-$8 3(x) ) )$70 @+10#-$'.' 7)+;#+,+ ".+3 " 

#0$?)0"1#+; @.+1#+"1*8 7(8), 89 S: 
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E?)0"1#+ , 61+ 7 # #! 33 , 1.0. @0(0@'7 7').0#$3 @(+@+(-$+#'.0# @.+1#+"1$ 

@+10#-$'.' 7. 

  G6$".33 #+(5'.*#/8 @(+$?)+7#/8 @+10#-$'.' 7)+;#+,+ ".+3 (7) $ 

@+7"1').33 @+./60##+0 )G('H0#$0 ) ,('#$6#G0 /".+)$3 (6), @($<+7$5 % 

,$@0("$#,/.3(#+5/ $#10,('.*#+5/ /(')#0#$8  
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R/"1* :/#%-$$ 7k(8) 3).381"3 (0L0#$35$ ,$@0("$#,/.3(#+,+ /(')#0#$3 (8) 

" "++1)01"1)/8M$5 +F('?+5 )GF('##G5$ @(')G5$ 6'"135$: 
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% & % &kk wHx  7 , 

,70 H – +F('1#G; % +@(070.0##+5/ ) (8) $#10,('.*#+5/ +@0('1+(/. R+7"1')$5 

"++1#+L0#$0 (5) ) (4) $ /5#+H$5 @+./60##G0 (')0#"1)' "%'.3(#+ #' wj. 

R($<+7$5 % @(+F.050 "+F"1)0##G< ?#'60#$; 
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E? (9) #'<+7$5 6'"1+1G 0 %+.0F'#$; ) H$7%+"1$, ', ?#'3 %+N::$-$0#1G ck, @+ 

:+(5/.0 (5) #'<+7$5 :+(5G %+.0F'#$; ) H$7%+"1$. R+"1(+0##/8 ) (9) 5'1($-/ 

% &% &jkkj wwP / H  #'?G)'81 5'1($-0; @($"+07$#0##G< 5'"" H$7%+"1$. 

4. ;/'30))&0 &%:0-030)/0 <3060)(&* 6#(:/=7 %:/'&0-/)0))78 6#'' 

>/-+&'(/. 

E? )GL0$?.+H0##+,+ ".07/01, 61+ 

% &% & % &jkjk www /7 /H . 

T'%$5 +F('?+5, 7.3 #'<+H70#$3 N.050#1+) 5'1($-G @($"+07$#0##G< 5'"" 

#0+F<+7$5+ (0L$1* ,$@0("$#,/.3(#+0 $#10,('.*#+0 /(')#0#$0 (8) " @(')G5$ 

6'"135$ ) )$70 wj . 

B.3 (0L0#$3 /(')#0#$3 (8) @($50#0# 501+7 ,('#$6#G< N.050#1+) . OF.'"1* 

$#10,($(+)'#$3 ('?F$)'.'"* #' %+#06#+0 6$".+ 601G(0</,+.*#G< @+7+F.'"10; 

NS, ) %'H7+; $? %+1+(G< #0$?)0"1#'3 @.+1#+"1* ?'50#3.'"* @+"1+3##+; 

)0.$6$#+;. R($ )G6$".0#$$ %+#06#+; 6'"1$ @+ >7'5'(/ 7.3 $#10,('.+) ) (8) @+ 

601G(0</,+.*#$%/, @(+$?)+.*#+ +($0#1$(+)'##+5/ ) @(+"1('#"1)0, 

$"@+.*?+)'#' :+(5/.', @+./60##'3 ) [7]. 

 X.050#1G 5'1($-G @($"+07$#0##G< 5'"" #'<+7$.$"* @+ :+(5/.0 

% & % &;;7 
S

kiik dSwP xx , 

,70 % &xi7 – '5@.$1/7#G0 ?#'60#$3 7').0#$3, $#7/-$(+)'##+,+ "+F"1)0##+; 

:+(5+; % &xkw .  R+".0 +@(070.0#$3 N.050#1+) 5'1($-G @($"+07$#0##G< 5'"" 

(0L'01"3 ?'7'6' #' "+F"1)0##G0 ?#'60#$3, +@$"'##'3 /(')#0#$05 (9), @+ 501+7/, 

('?('F+1'##+5/ ) [7]. 

 

5. ?)#3/, :0,234(#(&*.  

U+@'"1* ('F+60,+ %+.0"' RU ,$7(+1/(F$#G "+"1+$1 $? @0(' .+@'"1$ $ 

:.'#-'; @0(0<+7 50H7/ $< @+)0(<#+"135$ ",.'H$)'81 ,'.10.$ (($".1).  

 
8$". 1. 9):$; <$3 *(&-"#$ '-)(=+4( 6(*+"- 2> 4$3'(#%')$!7  

 
Y.'#0- 3).301"3 10.+5 )('M0#$3, @0(+ .+@'"1$ – +F+.+6%+; @0(050##+; 

1+.M$#G. C+#"1(/%-$3 ?'%(0@.0#' @+ )"0; 1+(-0)+; @+)0(<#+"1$ :.'#-'.  
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B.3 +@(070.0#$3 7$#'5$60"%$< <'('%10($"1$% .+@'"1$ ('F+60,+ %+.0"' RU 

,$7(+1/(F$#G $"@+.*?+)'#G 501+7 %+#06#G< N.050#1+) [8, 9] 7.3 +1G"%'#$3 

"+F"1)0##G< 6'"1+1 $ :+(5 %+.0F'#$; %+.0"' ) )'%//50 $ 501+7 ,('#$6#G< 

N.050#1+) 7.3 +@(070.0#$3 6'"1+1 ,$7(+/@(/,$< %+.0F'#$; %+.0"' ) )+70 [7,10]. 

2+F"1)0##G0 6'"1+1G 5+70.$ ('F+60,+ %+.0"' ) )+?7/<0 $ )+70 @($)070#G ) 

1'F.. 1.  

 
?-)*.1.  @()"#<+!!7+ =-"#(#7 %&'%4$A 6(*+)-!$; *(&-"#$  < <(B3%A+ $ <(3+ 

S+50( 

6'"1+-

1G 

V'"1+1G, J- C+N::$-$0#1 

"#$H0#$3 

6'"1+1G 

C+N::$-$0#1 

"#$H0#$3 

6'"1+1G [11] ) )+?7/<0 ) )+70 

1 60.105 36,063 0, 600 0, 640 

2 82.739 59,324 0, 717 0, 724 

3 121.28 87,079 0, 718 0, 735 

4 156.27 101,263 0, 648 0, 678 

 

 

R+./60##G0 7'##G0 <+(+L+ "+,.'"/81"3 " (0?/.*1'1'5$ N%"@0($50#1+) [11], 

@(+)070##G< #' .+@'"13< 1'%+,+ 1$@', 61+ @+71)0(H7'01 7+"1+)0(#+"1* 

@(07.+H0##+; 501+7$%$. 

 
 

8$".3.-.  C(',7 6(*+)-!$; *(&-"#$ '-)(=+4( 6(*+"-: 
&+'<-/ D(',-.  

 
S' ($". 3:'  $  4:F,)  @+%'?'#G :+(5G %+.0F'#$; .+@'"1$ ) )+70.  
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F) 

 

 
 

)) 
8$".4.  C(',7 6(*+)-!$; *(&-"#$ '-)(=+4( 6(*+"-: 

 ) – <#('-/ D(',-; < – #'+#E/ D(',- 

 
O1501$5, 61+ :+(5G %+.0F'#$; ) )+70 $ )+?7/<0 ) ('""5+1(0##+5 7$'@'?+#0 

6'"1+1 @('%1$60"%$ "+)@'7'81. 

 

6. @7*&-7. 

R($50#0# 501+7 ('"601' "+F"1)0##G< 6'"1+1 $ :+(5 ,$7(+/@(/,$< 

%+.0F'#$; %+#"1(/%-$; % N.050#1'5 ,$7(+1/(F$#. 2+601'#$0 501+7' %+#06#G< 

N.050#1+) 7.3 ('"601' "+F"1)0##G< %+.0F'#$; ('F+60,+ %+.0"' ) )'%//50, 
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('?.+H0#$3 $"%+5G< ,$7(+/@(/,$< "+F"1)0##G< :+(5 ) (37 @+ "+F"1)0##G5 

:+(5'5 %+.0F'#$; ('F+60,+ %+.0"' ) )'%//50 $ 501+7' ,('#$6#G< $#10,('.*#G< 

/(')#0#$; 7.3 +1G"%'#$3 5'1($-G @($"+07$#0##G< 5'"" )+7G +F.'7'01 (37+5 

"/M0"1)0##G< @(0$5/M0"1). R($ N1+5 (0?%+ /50#*L'01"3 ('?50(#+"1* ?'7'6$ 

(@+(37+% "$"105G '.,0F('$60"%$< /(')#0#$;), #0 1(0F/01"3 ('?('F+1%' ".+H#+; 

@(+,('55G @+"1(+0#$3 1(0<50(#+; "01%$ 7.3 %+#06#G< N.050#1+) )+7G $ 
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