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B$"%(01$?'-!3 +7#+,+ (!)#3##3 10@.+@(+)!7#+"1! ? 
-$%.!6#$5$ %(';+)$5$ /5+)'5$ 

E. >. F($,+(+)',  . G. H3I0#%+ 
 !"#"$%&'()*+ ,"!-./$*+ 01234"5$3%$*+  &$3/"!6*4"4  

3#.7*5.+2. 864!19!.,6()191, :)!.*$. 

Researches of mathematical models of the temperature fields with the internal and 

external heat source are conducted. The numerical solutions of problems are found in 

space of finite-dimensional separable space with algorithm of Crank – Nicholson 

application. Numerical calculations are executed and the temperature distribution is 

built. 

1.  !"!#$%! &'()!%'*+! &,)!%%- . /'"' !+)0!#$%.()$ 

J"1'##!5 6'"+5 ) 501'./(,!=  I$(+%0 ?'"1+"/)'##3 ?#'<+731* 10<#+.+,!6#! 
@(+-0"$ 10(5!6#+= +K(+K%$ 501'.0)$< "1($L#!), @+)’3?'#! ? -$%.!6#$5$  

K','1+('?+)$5$ ?5!#'5$ 105@0('1/($. B+ #$< 5+L#' )!7#0"1$ (!?#! "@+"+K$  

10(5+-$%.!6#+= +K(+K%$ (EMJ)  [1-4]. N70K!.*I+,+ 1'%' +K(+K%' )!7K/)'O1*"3 / 

,'?+)$< 1' 5/:0.*#$< @06'< 'K+ I.3<+5 @(+@/"%'##3  0.0%1($6#+,+ "1(/5/ 

60(0? ?',+1+)%/. G!7 6'" 1'%+= +K(+K%$ )$#$%'81* @(+K.05$ @+)’3?'#! ? 
0:0%1$)#$5 %0(/)'##35 105@0('1/(#$5 @+.05 ?',+1+)%$. 

 

2. 1,)'+, 2'(#.234%%- !*)'5.* 

A (+K+1'< [1-4] @(+)070#! 7+".!7L0##3 :!?$6#$< @(+-0"!), P+ )!7K/)'81*"3 
@!7 6'" EMJ. G+K/7+)'#! 5'105'1$6#! 5+70.!, / )$,.37! @+6'1%+)+-%(';+)$< 

?'7'6 7.3 .!#!;#+,+ (!)#3##3 10@.+@(+)!7#+"1!, 1' +1($5'#! +%(05! '#'.!1$6#! 
(+?)’3?%$. N 5'105'1$6#+= 1+6%$ ?+(/ 7+".!7L0##3 105@0('1/(#$< (+?@+7!.!) @!7 

6'" EMJ @($)+7$1* 7+ (+?)’3?'##3 +7#+(!7#+,+ 'K+ #0+7#+(!7#+,+ (!)#3##3 
10@.+@(+)!7#+"1! ? !5@/.*"#$5$ %(';+)$5$ /5+)'5$ 'K+ :/#%-!O8 7L0(0. / 

(!)#3##! 10@.+@(+)!7#+"1!. 21($L0#* (+?,.37'O1*"3 / )$,.37! "%!#60#+,+ 

'#!?+1(+@#+,+ "0(07+)$P' ?! "1'.$5$ 10@.+:!?$6#$5$ <'('%10($"1$%'5$ 1' 
@'('501('5$ 7+)L$#+8 L . B+".!7L/81*"3 5'105'1$6#! 5+70.! 105@0('1/(#$< 

@+.!) / 3%$< 7!81*  ?+)#!I#! 1' )#/1(!I#! 7L0(0.' 10@.'.  #/1(!I#! 7L0(0.' 
10@.' ),( Ttw "@($6$#0#! 7!O8 0.0%1($6#+,+ "1(/5/, P+ @(+@/"%'O1*"3  60(0? 

?',+1+)%/, ' ?+)#!I#! "@($6$#381*"3 10@.++K5!#+5 ? #')%+.$I#!5 "0(07+)$P05 

?' ?'%+#'5$ Q*81+#' 1' 210:'#' – R+.*-5'#'. A 5'105'1$6#!; 5+70.! – 

(!)#3##! 10@.+@(+)!7#+"1! )#/1(!I#! 7L0(0.' 10@.' ?+K('L'81*"3 / )$,.37! 
:!#!1#+= :/#%-!= / (!)#3##!, '  ?+)#!I#! – / )$,.37! %(';+)$< /5+) @0(I+,+ 

7(/,+,+ 'K+ 1(01*+,+ (+7/.  

 

3. 64 5'7*’-7!%. &,)!%%- . 84)! 5'9'), 

  (+K+1'< [1-4] #0 (+?,.37')"3 )@.$)  #0.!#!;#+"10; / %(';+)$< /5+)'< #' 
105@0('1/(#$; (+?@+7!.. 401+8 (+K+1$ O 7+".!7L0##3 5'105'1$6#$< 5+70.0; 
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105@0('1/(#+,+ @+.3 -$.!#7($6#+= +K.'"1! ? 7!86$5$  )#/1(!I#!5$ 1' 
?+)#!I#!5$ 7L0(0.'5$ 10@.'. 

 

4. :!)48!),;%. 8'24#. )! <= 5'7*’-7'+ 

 4'105'1$6#' 5+70.* 105@0('1/(#+,+ @+.3 -$.!#7($6#+= +K.'"1!, 5'O )$,.37  
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/ ('?! ?+)#!I#*+,+ 7L0(0.' 10@.' 0),( !TtW .   

S/#%-!3 )(1 tf i  5'O )$,.37 ) ?'.0L#+"1! )!7 10<#+.+,!6#$< +"+K.$)+"10; 

@(+-0"/ EMJ 5'O )$,.37 
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T%P+ (+?@+7!. 105@0('1/($  /?7+)L ('7!/"' #0 )!7!,('O +"+K.$)+= (+.!, 
5+L#' @(+)0"1$ /"0(07#0##3 105@0('1/($ /?7+)L ('7!/"' [3] 

G!".3 ?'"1+"/)'##3 +@0('1+(' /"0(07#0##3 ? )('</)'##35 /5+)$ (4) ?'7'6' 
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+K.'"1! @!7 6'" EMJ ?+)#!I#!5$ 7L0(0.'5$ 10@.'. A 1'%!; @+"1'#+)-! ?'7'6! 
7L0(0.' 10@.' ?#'<+731*"3 #0 ) @(')!; 6'"1$#! (!)#3##3 10@.+@(+)!7#+"1!, ' ) 
%(';+)$< /5+)'<. U< #'?$)'81* ?+)#!I#!5$ 7L0(0.'5$ 10@.'. E'%' 5'105'1$6#' 
5+70.* 5'O )$,.37 @0(I+= 'K+ 7(/,+= %(';+)+= ?'7'6! 7.3 +7#+(!7#+,+ 
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>.,+($15, P+ ?+K('L0#+ #' K.+%-"<05!, "1)+(0#$; ?' 5+7/.*#$5 @($#-$@+5. 

 !# 7+?)+.3O @(+)0"1$ (+?('</#%$ 7.3 (!?#$< :/#%-!; )(1 tf i  1' (!?#$< ,('#$6#$< 

/5+).  
N'7'6! (10)-(12) 1' (19)-(21) (+?)’3?/O5+ 6$"0.*#$5 501+7+5 ) "%!#60#+ 

5!(#+5/ "0@'('K0.*#+5/ @(+"1+(! ? #+(5+8 ),(max),(
,

tzutzu
tz

U @A
! . 

R/7/O5+ %!#-0)+-(!?#$-0)/ "<05/ C('#%' - Q!%+."+#' [5,6] 7.3 (!)#3##3 
10@.+@(+)!7#+"1!. 

  +K.'"1! B C0,0 -DD@ tLz   ))+7$5+ (!)#+5!(#! "!1%$ @+ 7+)L$#! 

(%++(7$#'1' z ) ?',+1+)%$ B CMmmhzmh ...1,0, !!!E ;  6'"+)/ "!1%/ (%++(7$#'1' 

t ) B C0...1,0, jjtjt jt !F!!FE  ? !#10()'.'5$: 00 /,/ jttMLh !F! .  

V+?)’3?+% ?'7'6! ) +K.'"1! @  I/%'O5+ / )$,.37! (+?)’3?%/ "$"105$ #0.!#!;#$< 
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J1($5'#/ "$"105/ (+?)’3?/O5+ !10('-!;#$5 501+7+5 ?' #'"1/@#$5 

'.,+($15+5 (($".1). 

 
;*6.1. <21)-65"#. .291!*4#& !1=/’>=)& =.,.%3 
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6. >9;,(#?*!#$%,/ 4+(&45,84%): '9@50%)0*!%%- !#"'5,)8.* . 54!#.7!A.- 

W$"0.*#! (+?('</#%$ K/.$ @(+)070#! ?' #')070#$5 '.,+($15+5 ) "0(07+)$P! 

Matlab 7.3 "1'.*#+,+ "1($L#3 
3

3108,7
#

)9
n 1!* , 

)9 

)?-
6 46,0!  ('7!/"+5 

#r 3
0 1075,0  1!  1' 7+)L$#+8 #L 25,0!  ?  105@0('1/('5$ KT 0

0 273!  1' 

105@0('1/(+8 "0(07+)$P' KTc
01000! , ? 6'"+5 +7#+,+ 10(5+-$%./ ct 100 !  1' 

# 

@4
129!+ , 

 #

@4
2

50!0 . A #';@(+"1!I+5/ )$@'7%/ 01 )( TtT ! ,  02 )( TTtT )! G ,  

2,0!G .  

R/.$ +1($5'#! 105@0('1/(#! (+?@+7!.$ EMJ ?' (+?)’3?%'5$ ?'7'6! (1)-(4) 1' 
(13)-(16). Q' ($". 2–3 ?+K('L0#! @+)0(<#! (+?@+7!./ 105@0('1/($ 7.3 ?'7'6! (1)-

(4) 7.3 %(';+)+= /5+)$ (3) ! :/#%-!=  7L0(0.' 10@.' )(1
1 tf . V+?@+7!.$ 

105@0('1/($ @(07"1').0#! /?7+)L "1($L#3 #' %+L#+5/ 6'"+)+5/  %(+-! tF  7.3 
2-<  ? 12-1$ 10(5+-$%.!)  #' @+6'1%/ 1' #' %!#-!  @(+-0"/ +K(+K%$.  

 
;*6.2. A"!B*+ 4"!#1'*)2 ;*6.3. 864.$$3+ 4"!#1'*)2 

Q' ($". 4–5 ?+K('L0#! @+)0(<#! (+?@+7!./ 105@0('1/($ 7.3 ?'7'6! (13)-(16) 

7.3 %(';+)+= /5+)$ (15) ! :/#%-!=  7L0(0.' 10@.' )(1
1 tf . 

 
;*6.4. A"!B*+ 4"!#1'*)2 ;*6.5. 864.$$3+ 4"!#1'*)2 

Q' ($". 6–7 ?+K('L0#! @+)0(<#! (+?@+7!./ 105@0('1/($ 7.3 ?'7'6! (1)-(4) 7.3 

%(';+)+= /5+)$ (22) ! :/#%-!=  7L0(0.' 10@.' )(3
1 tf . 
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;*6.6. A"!B*+ 4"!#1'*)2 ;*6.7. 864.$$3+ 4"!#1'*)2 

Q' ($". 8–9 ?+K('L0#! @+)0(<#! (+?@+7!./ 105@0('1/($ 7.3 ?'7'6! (13)-(16) 

7.3 %(';+)+= /5+)$ (22) ! :/#%-!=  7L0(0.' 10@.' )(3
1 tf . 

  
;*6.8. A"!B*+ 4"!#1'*)2 ;*6.9. 864.$$3+ 4"!#1'*)2 

Q' ($".10 ?+K('L0#+ (+?@+7!. 105@0('1/($ (+?)’3?+% ?'7'6! (1)-(4) 7.3 

:/#%-!=  7L0(0.' 10@.' )(1
1 tf , ' #' ($".11 – 7.3 :/#%-!=  7L0(0.' 10@.' )(3

1 tf  

@(+13,+5 7)'#'7-31$ 10(5+-$%.!). T% )$7#+ !? ($"/#%!) @!".3 70)’31+,+ 

10(5+-$%./ 105@0('1/(#$; (+?@+7!. '"$5@1+1$6#+ #'K.$L'O1*"3 
10(5+7$#'5!6#+= (!)#+)',$. 

 
;*6.10. C"#0"!.4&!$*+ !1=01,32 ,2> 

z=1/2L 

;*6.11. C"#0"!.4&!$*+ !1=01,32 ,2> 

z=1/2L 

Q'  ($". 12 ?+K('L0#+ (+?@+7!. 105@0('1/($ (+?)’3?+% ?'7'6! (13)-(16) 7.3 

:/#%-!=  7L0(0.' 10@.' )(1
1 tf , ' #' ($".13 – 7.3 :/#%-!=  7L0(0.' 10@.' )(3

1 tf  

@(+13,+5 7)'#'7-31$ 10(5+-$%.!). T% )$7#+ !? ($"/#%!) 105@0('1/(' 

'"$5@1+1$6#+ #'K.$L'O1*"3 7+ KTc
01000! . 
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;*6.12. C"#0"!.4&!$*+ !1=01,32 ,2> 

z=1/2L 

;*6.13. C"#0"!.4&!$*+ !1=01,32 ,2> 

z=1/2L 

 

7. 1,(%'*+, 7! 5470#$)!)!8, . %!&5-8,  &'2!#$B,=  2'(#.234%$ 

J1($5'#! (0?/.*1'1$ 5+L#'  ?'"1+"+)/)'1$ @($ "1)+(0#! "$"105  

')1+5'1$?+)'#+,+ /@(').!##3 10(5+-$%.!6#+8 +K(+K%+8. 

4'105'1$6#! 5+70.! 105@0('1/(#+,+ (+?@+7!./ @!7 6'" 10(5+-$%.!6#+= 
+K(+K%$ 501'.0)$< "1($L#!) 0.0%1($6#$5 "1(/5+5 'K+ ?+)#!I#!5$ 7L0(0.'5$ 

10@.', ? (!?#$5$ "<05'5$ +K(+K%$, 7+?)+.381* @(+)0"1$ '#'.!? @(/L#+,+ "1'#/ 

501'./ @!7 6'" +K(+K%$ 1' ?’3"/)'1$ )@.$) 7$:/?!= 7+5!I+% #' 3%!"1* 501'./. 

2<05$ +K(+K%$ )$?#'6'81*"3 ?'%+#+5 ?5!#$ 7!= 7L0(0. 10@.', P+ @!7)+731*"3 7+ 

?',+1+)%$. 

 

H9EXV>EAV> 

 

1. Q+)$%+) Y.Y. E0+($3 10(5$60"%+; +K('K+1%$ 501'..+) 4. 401'../(,$3, 
1978, 392.".  

2. H3I0#%+  .G., G+?#'#"%$;  .Y., B378(' Q.C.,  '($)+7' N.B.  .$3#$0 
10(5+-$%.$60"%+; +K('K+1%$ #' 50<'#$60"%$0 ")+;"1)' )+.*:('5+)+; 

@(+)+.+%$. M)01#Z0 501'..Z, D8, 1989, ".91-93. 

3. H3I0#%+  .G. 4'105'1$6#' 5+70.* 10(5+-$%.!6#+= +K(+K%$ 501'.0)$< 

)$(+K!).//  !"#$% C(050#6/-*%+,+ 70(L')#+,+ @+.!10<#!6#+,+ /#!)0("$101/.- 

C(050#6/%:  $@.. 6\2003 (23) ".8 -11 

4. H3I0#%+  .G. E05@0('1/(#0 @+.0 ? !5@/.*"#$5$ 7L0(0.'5$ 10@.'//  E(/7Z 

XII 50L7/#'(+7#+,+ "$5@+?$/5' «401+7Z 7$"%(01#Z< +"+K0##+"10; ) 
?'7'6'< 5'105'1$60"%+; :$?$%$» &'(*%+) – &0("+# 2005 ".214-217.  

5. 2'5'("%$;  >.>. E0+($3 ('?#+"1#Z< "<05. – 4.: Q'/%', 1983. – 616 ". 
6. F+7/#+) 2.C., V3K0#*%$;  .2. V'?#+"1#Z0 "<05Z. – 4.:Q'/%',1977.– 

440 ". 
Q'7!;I.' / @0(I!; (07'%-!= 31.03.2009, ) +"1'##!; – 02.04.2009. 

 


