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4. 2. G*)+) 
 !"#$%#&'() *!"+,-%() .%/-!"#(0!0, 1'",2%, 

Development of algorithms of algebraic computations is one of the main problems, 
which arises with realization of mathematical software based on symbolic 
transformations. Multisorted algebraic systems are mathematical model for this 
problem. Present paper deals with some solution of this problem. We propose the 
approach to realization of interpreters of multisorted algebraic operations by its 
specifications, based on constructive improvement of notion of extension of 
multisorted algebraic system. This approach is illustrated by examples of realization of 
interpreters of operations in the field of rational numbers, ring of one variable 
polynomials over the field, algebra of Boolean functions. Practice of this approach 
using for development of mathematical educational software shows its effectiveness 
and even universality. 

 !"#$ 

H+?(+E.0##3 '.,+($15!) )$%+#'##3 '.,0E('=6#$< +E6$".0#* I +7#!I8 ? 
+"#+)#$< ?'7'6, J+ )$#$%'81* @($ (0'.!?'-!= 5'105'1$6#$< "$"105, +"#+)'#$< 
#' "$5)+.*#$< @0(01)+(0##3<. 4'105'1$6#+8 5+70..8 -!I= ?'7'6! I 
E','1+"+(1#! '.,0E('=6#! "$"105$ (#'7'.! K>2).  L('%1$%' (+?(+E.0##3 #')!1* 
7+"1'1#*+ @(+"1$< 5'105'1$6#$< "$"105 #')6'.*#+,+ @($?#'60##3 [1, 2, 3] 
@+%'?'.', J+ (0'.!?'-!3 '.,0E('=6#$< +E6$".0#* @+1(0E/I (010.*#+,+ 
@+@0(07#*+,+ @(+0%1/)'##3 K>2 F.3<+5 (+?(+E.0##3 !I('(<!; "+(1!) K>2 1' 
"@0-$:!%'-!; !#10(@(01'1+(!) E','1+"+(1#$< '.,0E('=6#$< +@0('-!; [8].   "$./ 
-!.+,+ (37/ @($6$# [9] 7.3 (0'.!?'-!= +E6$".0#*, +"#+)'#$< #' "$5)+.*#$< 
@0(01)+(0##3<, 5$ )$%+($"1+)/I5+ "$"105/ '.,0E('=6#+,+ @(+,('5/)'##3 APS 
[4, 5, 6], '7'@1+)'#/  . L0c6'#0#%+ [10] 7.3 #'F$< -!.0;.  

APS )$%+($"1+)/I 10<#+.+,!= '.,0E('=6#+,+ @(+,('5/)'##3, +"#+)'#! #' 
"$"105'< @(')$. @0(0@$"/)'#* 1' "1('10,!3< @0(0@$"/)'#*. M'%$5 6$#+5, 
!#10(@(01'1+( '.,0E('=6#+= +@0('-!= )$?#'6'I1*"3 "$"105+8 @(')$. 
@0(0@$"/)'#* 10(5!) (rewriting rules system).  
%&!"'(&)*' +','-. "' !"/#*"#/' /&0&"1.   

A 7'#!; (+E+1! 5$ @(+@+#/I5+ @!7<!7 7+ (0'.!?'-!= !#10(@(01'1+(!) 
E','1+"+(1#$< '.,0E('=6#$< +@0('-!; ?' =< "@0-$:!%'-!35$, +"#+)'#$; #' 
%+#"1(/%1$)#+5/ /1+6#0##! @+#3113 (+?F$(0##3 E','1+"+(1#+= '.,0E('=6#+= 
"$"105$. N?#'60##3 K>2 1' +?#'60##3 (%+#"1(/%1$)#+,+) (+?F$(0##3 K>2 
#'7'#! / @.1. M$@+)$5 @($%.'7+5 %+#"1(/%1$)#+,+ (+?F$(0##3 I @($%.'7 @+.3 
('-!+#'.*#$< 6$"0. 3% (+?F$(0##3 %!.*-3 -!.$< 6$"0. (@($%.'7 2).   
C+#"1(/%1$)#! (+?F$(0##3 K>2 1$@!?+)'#! 3% "1'1$6#! (+?F$(0##3, .!#!;#! 

'E+ E!#'(#! 7$#'5!6#! (+?F$(0##3 (+?#'60##3 1.3.1, 2.1.).  
4$ @+%'?/I5+, J+ !#10(@(01'1+( '.,0E('=6#+= +@0('-!= / %+#"1(/%1$)#+5/ 

(+?F$(0##! 5+O0 E/1$ "$#10?+)'#$; ')1+5'1$6#+ ? == "@0-$:!%'-!=, 3%' )$?#'6'I 
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@+-@0(F0, @(')$.' !#10(@(01'-!= +@0('-!= / (+?F$(0##!, @+-7(/,0, /5+)$ 
)%.'70##3 +"#+)#+= '.,0E($ / == (+?F$(0##3.  
>.,+($15 "$#10?/ !#10(@(01'1+(' +@0('-!= )$?#'6'I1*"3 1$@+5 (+?F$(0##3. 

M+5/ / @.2.2. 5$ #')+7$5+ @($%.'7$ (0'.!?'-!= !#10(@(01'1+(!) +@0('-!; @+.3 
('-!+#'.*#$< 6$"0. ("1'1$6#! (+?F$(0##3), @+.3 %)'7('1$6#$< ('7$%'.!) 
(E!#'(#! 7$#'5!6#! (+?F$(0##3), %!.*-3 E','1+6.0#!) +7#!I= ?5!##+= (.!#!;#! 
7$#'5!6#! (+?F$(0##3) 1' '.,0E($ )$".+).0#*(E!#'(#! 7$#'5!6#! (+?F$(0##3).  

1. 2'3'"&!&/"(. '4350/1 6* 7'"57'"1-(' 7&,548 '4350/'9-(1: &0-1!45(8  

;+('-5((6 1.1 P0<'; U={u1,…,uk} - "%!#60#' 5#+O$#' "$5)+.!), 3%' 

#'?$)'I1*"3 "$,#'1/(+8 "+(1!). 2$5)+.$ },...,1{, klul   #'?$)'81*"3 !50#'5$ 

"+(1!) 'E+ @(+"1+ "+(1'5$.  
B'.! 5$ E/705+ %+($"1/)'1$"3, ?+%(05', 1'%$5$ "+(1'5$ – 0.050#1'5$ 

"$,#'1/($ "+(1!): 
Variable – !5’3 "+(1/ – 5#+O$#$ ?5!##$<, 
Bool -  !5’3 "+(1/ – 5#+O$#$ .+,!6#$< ?#'60#*, 
Nat - !5’3 "+(1/ – 5#+O$#$ #'1/('.*#$< 6$"0., 
Int - !5’3 "+(1/ – 5#+O$#$ -!.$< 6$"0., 
Real - !5’3 "+(1/ – 5#+O$#$ 7!;"#$< 6$"0.. 

9#F! !50#' "+(1!) 5$ E/705+ ))+7$1$ @($ +?#'60##! )!7@+)!7#$< '.,0E('=6#$< 
@+#31*.  

;+('-5((6 1.2 P0<';, 7'.!, }{
1 kuu ,...,SS!S  - "%!#60#0 "!50;"1)+ 5#+O$#, 

!#70%"+)'#$< !50#'5$ "+(1!), 3%! #'?$)'81*"3 +E.'"135$ ?#'60#* )!7@+)!7#$< 
"+(1!).  

VariableS - 5#+O$#' ?5!##$<,  

BoolS - 5#+O$#' {False, True}, 

NatS - 5#+O$#' #'1/('.*#$< 6$"0., 

IntS - 5#+O$#' -!.$< 6$"0., 

alSRe - 5#+O$#' 7!;"#$< 6$"0.. 

;+('-5((6 1.3 K','1+"+(1#+8 +@0('-!I8 f  #'7 "!50;"1)+5 S #'?$)'I1*"3 

)!7+E('O0##3 vuuu SSSSf
m
"### ...:

21
, 70 U vuu m ,,...,1  - "+(1$ 

'(,/50#1!) 1' +E.'"1! ?#'60#* +@0('-!= f , )!7@+)!7#+, ' m – '(#!"1* +@0('-!= f .   

M$@ +@0('-!= )$?#'6'I1*"3 @0(0.!%+5 !50# "+(1!) == '(,/50#1!) 1' !50#05 

"+(1/ +E.'"1! == ?#'60#*. M$@ +@0('-!= f  E/705+ @+?#'6'1$ 60(0? 

vuu m "),...,( 1 . 2$,#'1/(+8 $  +@0('-!; #'?$)'I1*"3 "%!#60#' 5#+O$#' 

"$5)+.!) +@0('-!; ('?+5 ? )!7+E('O0##35, 3%0 %+O#+5/ "$5)+./ $ %  "@!)- 

"1').3I E','1+"+(1#/ +@0('-!8 %f  ('?+5 ? == 1$@+5 (3%J+ %  "$5)+. +@0('-!=, 1+ 

)$('? vuu m "),...,(: 1%  +?#'6'I, J+ -*+5/ "$5)+./ "@!)"1').0#+ +@0('-!8 

1$@/ vuu m "),...,( 1 ).  
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K','1+"+(1#+8 +@0('-!I8, I, #'@($%.'7, +@0('-!3 5#+O0##3 / )0%1+(#+5/ 
@(+"1+(!. Q%J+ VectorSpace – !5’3 "+(1/-5#+O$#$ )0%1+(!) #' @+.05 Real 
7!;"#$< 6$"0., 1+ +@0('-!3 5#+O0##3 Mult “*” ?'7'I )!7+E('O0##3    

Mult : Real # VectorSpace " VectorSpace 

P'7'.! 5$ E/705+ %+($"1/)'1$"3 E!.*F ?)$6#$5$, 1+E1+ 1('7$-!;#$5$ 
5'105'1$6#$5$ @+?#'60##35$ +@0('-!;. N"%!.*%$ 5#+O0##3 )0%1+(' #' "%'.3( R 
E!#'(#+8 +@0('-!I8 ? !#:!%"#+8 :+(5+8 ?'@$"/, 5'I5+:   

Real * VectorSpace " VectorSpace 

;+('-5((6 1.4.  $?#'6$5+ "+(1 Bool ? +E.'"18 ?#'60#* 

},{ FalseTrueS Bool ! . K','1+"+(1#$5 @(07$%'1+5 P  #'?$)'I1*"3 

)!7+E('O0##3 Booluu SSSP
m
"## ...:

1
, 70 U muu ,...,1 , @+".!7+)#!"1* 

muu ,...,1  )$?#'6'I 1$@ @(07$%'1/, ' 6$".+ m – ;+,+ '(#!"1*. 2$,#'1/(' 

& E','1+"+(1#$< @(07$%'1!) )$?#'6'I1*"3 '#'.+,!6#+ "$,#'1/(! +@0('-!; 3% 
5#+O$#' +@0('-!; "$5)+.!) @(07$%'1!), 3%$5 @+"1').0#! / )!7@+)!7#!"1* 
E','1+"+(1#! @(07$%'1$ ('?+5 ? =< 1$@'5$. 
;+('-5((6 1.5. K','1+"+(1#+8 '.,0E('=6#+8 "$"105+8 < #'?$)'I1*"3 

601)!(%' '&$!( ,,, USA , 70 S – 5#+O$#' "+(1!), !#70%"+)'#$< "$5)+.'5$ 

5#+O$#$ U, },...,{ 1 l%%!$ - "$,#'1/(' E','1+"+(1#$< +@0('-!;, 

},...,{ 1 p))!&  - "$,#'1/(' E','1+"+(1#$< @(07$%'1!).  

 !"#!$%&&'. N"%!.*%$ "+(1 Bool 5+O#' )%.86$1$ 7+ 5#+O$#$ "+(1!), 
@(07$%'1$ 5+O#' (+?,.37'1$ 3% E','1+"+(1#! +@0('-!=. M+5/, +E’I7#')F$ 
"$,#'1/($ +@0('-!; 1' @(07$%'1!), ?'5!"1* (+?,.37/ E','1+"+(1#$< '.,0E('=6#$< 
"$"105 7'.! 5$ E/705+ (+?,.37'1$ E','1+"+(1#! '.,0E($. 

;+('-5((6 1.6. P0<'; '$!( ,, USA  E','1+"+(1#' '.,0E(' 1' U vu,  

"$5)+.$ "+(1!). K/705+ %'?'1$, J+ "+(1 v ?'.0O$1* )!7 "+(1/ u, 3%J+ +7#' ? 

+@0('-!; "$,#'1/($ $   5'I 1$@ vuuu m "#### ......1 . S0(0? vU  @+?#'6$5+ 

@!75#+O$#/ "+(1!), )!7 3%$< ?'.0O'1* "+(1 v. L!75#+O$#/ 0.050#1!) $ , J+ 

5'81* 1$@ vuuu m "#### ......1 @+?#'6$5+ 60(0? v$ , ' "!50;"1)+ +E.'"10; 

?#'60#* "+(1!) vU  @+?#'6$5+ 60(0? vS . NE50O0##35 vA  E','1+"+(1#+= '.,0E($ 

< #' "+(1 v #'?$)'I1*"3 E','1+"+(1#' '.,0E(' '$!( vvvv ,,USA .  

M'%$5 6$#+5, E','1+"+(1#' '.,0E(' <  5+O0 E/1$ @(07"1').0#' #'E+(+5 

+E50O0#* ('.,0E() UA  vv , , 1+E1+ '!(
kuu AA ,...,

1
A .   

%/1*4', 1 

H+?,.3#05+ @(+,('5#/ "$"105/, 3%' @!71($5/I "@(+J0##3 -!.$< '.,0E('=6#$< 
1' 1($,+#+501($6#$< )$('?!). Q7(+ -!I= "$"105$ 5'I @!71($5/)'1$ +E6$".0##3 / 
%!.*-! @+.!#+5!) 1' %!.*-! 1($,+#+501($6#$< )$('?!) E','1*+< ?5!##$< #'7 @+.05 
('-!+#'.*#$< 6$"0.. 2@0-$:!%'-!35 @!7.3,'81* 1'%! '.,0E($ – +E50O0##3 #' 
/%'?'#! "+(1$: 

MultiPolynom – %!.*-0 @+.!#+5!) E','1*+< ?5!##$<. 

MultiPolynom + MultiPolynom " MultiPolynom 
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MultiPolynom - MultiPolynom " MultiPolynom 

MultiPolynom * MultiPolynom " MultiPolynom 

MultiPolynom ^ Int " MultiPolynom 

Rat * MultiPolynom " MultiPolynom 

MultiPolynom / Rat " MultiPolynom 

MultiTrig – %!.*-0 1($,+#+501($6#$< @+.!#+5!) E','1*+< ?5!##$<. 

Sin(LinComb) " MultiTrig 

Cos(LinComb) " MultiTrig 

MultiTrig + MultiTrig " MultiTrig 

MultiTrig - MultiTrig " MultiTrig 

MultiTrig * MultiTrig " MultiTrig 

MultiTrig ^ Int " MultiTrig 

Rat * MultiTrig " MultiTrig 

MultiTrig / Rat " MultiTrig 
LinComb – )0%1+(#$; @(+"1!( .!#!;#$< %+5E!#'-!; E','1*+< ?5!##$< 

('(,/50#1$ 1($,+#+501($6#$< @+.!#+5!)) 
Pi 

LinComb + LinComb " LinComb 

LinComb - LinComb " LinComb 

Rat * LinComb " LinComb 

LinComb / Rat " LinComb 

Rat – @+.0 ('-!+#'.*#$< 6$"0. (%+0:!-!I#1$ @+.!#+5!) 1' 1($,+#+501($6#$< 
@+.!#+5!)) 

Rat + Rat " Rat 

Rat - Rat " Rat 

Rat * Rat " Rat 

Rat ^ Int " Rat 

Rat / Rat " Rat  //3%,4!%%(' %! *$"/-%56 %.75 

Rat = Rat " Bool 

Rat < Rat " Bool 

Rat > Rat " Bool 

Rat <= Rat " Bool 

Rat => Rat " Bool 
 !7#+F0##3 ?'.0O#+"1! "+(1!) @+(+7O/I "1(/%1/(/ ?'.0O#+"1! #' 5#+O$#! 

'.,0E( UA  uu , : '.,0E(' vA  ?'.0O$1* )!7 '.,0E($ uA  3%J+ "+(1 v ?'.0O$1* 

)!7 "+(1/ u. Q%J+ )!7#+F0##3 ?'.0O#+"1! #0 5'I -$%.!), 1+ E','1+"+(1#/ '.,0E(/ 

5+O#' E/7/)'1$ %(+% ?' %(+%+5 (!#%(050#1#+), E/7/86$ '.,0E(/ vA , 3%J+ 

'.,0E($, )!7 3%$<  uA  ?'.0O$1*, )O0 @+E/7+)'#!. 

1.2. <*!.&71 "' *&(!"/#*=.9 0'3'"&!&/"(&9 '4350/1 

B.3 @+E/7/)'##3 '.,0E( Au 5$ )$%+($"1+)/I5+ =< '%"!+5'1$6#! 1' 
%+#"1(/%1$)#! +@$"$ (+?#'60##3). 
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8(#. 1. 9/,:",4, -/*%$;!%%< =,7!+%$#0/ ,7:!>" ?"('7,*. 1. 

 

;+('-5((6 1.7. @'#/$4$5 '.,0E($ uA  #'?$)'I1*"3 1+1+O#!"1* 'E+ /5+)#' 

1+1+O#!"1* / "$,#'1/(! u$ . @'#/$4,0(A%(4 $?(#$4 '.,0E($ uA  I, ?' 

+?#'60##35, I "%!#60#$; #'E!( '%"!+5 ("$"105' '%"!+5) '.,0E($ uA . 

4$ E/705+ %+($"1/)'1$"3 '.,0E('=6#+8 10(5!#+.+,!I8 1' )!7@+)!7#$5$ 
"$"105'5$ '%"!+5 ? @!7(/6#$%' [11].   

B$%#0".'0(-%() $?(# '.,0E($ uA - -0 +?#'60##3 %+#"1(/%1+(/ "+(1/ Su 

(1+E1+ )$?#'60##3 10(5!) "+(1/ Su) 1' 5#+O$#$ !#10(@(01'1+(!) +@0('-!; u$ .  

;+('-5((6 1.8. C(:%,0."$5 %+#"1(/%1+(!) uT  #'?$)'I1*"3 "%!#60#' 

5#+O$#' "$5)+.!) +@0('-!; ('?+5 ? )!7+E('O0##35, 3%0 %+O#+5/ "$5)+./ 

uT *  "@!)"1').3I "$5)+. "+(1/ u  ('?+5 ? @0(0.!%+5 "$5)+.!) "+(1!) ;+,+ 

'(,/50#1!) (3%J+ *  "$5)+. +@0('-!=, 1+ )$('? ),...,( 1 muuu *!  +?#'6'I, J+ 

-*+5/ "$5)+./ "@!)"1').0#+ "$5)+. "+(1/ u 1' "$5)+.$  "+(1!) ;+,+ '(,/50#1!) 

muu ,...,1 .) 

B$%#0".'0$"$4 "+(1/ Su '.,0E($ uA  #'?$)'I1*"3 "$"105' (!)#+"10;, 3%' 

)$?#'6'I "$#1'%"$6#+ 0.050#1$ "+(1/ Su 3% 10(5$ / "$,#'1/(! u+ . N1O0, "+(1 Su 

– -0 5#+O$#' 10(5!) / ().'"#!;) "$,#'1/(! u+  %+#"1(/%1+(' "+(1/ Su.  

N?#'60##3 1.8 I %.86+)$5 / #'F+5/ @!7<+7! 7+ "@0-$:!%'-!= '.,0E('=6#$< 
+E6$".0#*. M+5/ 5$ #'7'5+ #0+E<!7#! @($%.'7$ 1' @+3"#0##3.     
%/1*4', 2. L+.0 Rat ('-!+#'.*#$< 6$"0. 

H'-!+#'.*#! 6$".' @(07"1').0#+ / )$,.37! ?)$6';#$< 7(+E!). C+#"1(/%1+( 
"+(1/ )$?#'6'I "1'#7'(1#/ :+(5/ @(07"1').0##3 0.050#1/ -*+,+ "+(1/. S'"1!F0 
?' )"0 -0 ',%$%/A%, D$"4,.  M'%$5 6$#+5,  

 }1),(,,:{ !  ! qpGCDSqSp
q

p
S NatIntRat      (1) 

H+.* %+#"1(/%1+(' "+(1/ ,('I "$5)+. - ,+($?+#1'.*#' ($"%'. T0; O0 "$5)+. 
5'105'1$%$ )$%+($"1+)/81* 7.3 @+?#'60##3 +@0('-!= 7!.0##3, ?+%(05', / Rat. 
B.3 ?'7'6! "@0-$:!%'-!; '.,0E('=6#$< +E6$".0#* -0 #0 ?+)"!5 ?(/6#+. M+5/ 5$ 
))+7$5+ +%(05+ @+#3113 "$,#'1/($ +@0('-!; $  1' "$,#'1/($ %+#"1(/%1+(!) + . 
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U+%(05', 7.3 %+#"1(/%1+(' "+(1/ Rat 5$ )$%+($"1+)/I5+ ?$*-/)%. %,E(7&%.  

"(#'.: 
}),(,,://{ 1!  ! qpGCDSqSpqpS NatIntRat      (2) 

V0 +7#!I8 )'O.$)+8 +E"1')$#+8 I 10, J+ / "1'#7'(1#$< :+(5'< 
@(07"1').0##3 0.050#1!) "+(1!) "$#1'%"$6#! '"@0%1$ +?#'60##3, 3%! 
)$?#'6'81*"3 "$5)+.'5$ %+#"1(/%1+(!), @('%1$6#+ ?')O7$ @+I7#/81*"3 ? 
"05'#1$6#$5$ '"@0%1'5$, J+ ?'7'81*"3 / )$,.37! %+#10%"1#$< /5+), 1+E1+ 

@(07$%'1!). A #'F+5/ @($%.'7! 1'%$5 @(07$%'1+5 I (!)#!"1*  1),( !qpGCD . 

%/1*4', 3. C!.*-0 Polynom @+.!#+5!) +7#!I= ?5!##+= #'7 @+.05 Rat. 
W.050#1$ -*+,+ @+.3 - @+.!#+5$, 3%! @(07"1').0#! / )$,.37! "/5$ 5+#+5!), 

/@+(37%+)'#$< / @+(37%/ "@'7'##3 "10@0#!). T0 +?#'60##3 5'I E/1$ 
(0%/("$)#$5, @($6+5/ +%(05+ 1(0E' )$?#'6$1$ @+#3113 "10@0#3 @+.!#+5'.   

Monom

df

PolynomMonomPolynom

SPMMQ

SPSMPMQQS

,'!

  --!!

)}deg()deg(;degdeg

,,,:{
   (3) 

 B.3 )$?#'60##3 #+"!=) "+(1!) 5$ E/705+ %+($"1/)'1$"3 "@0-!'.*#+8 5+)+8 
"@0-$:!%'-!;, 3%' 7+@/"%'I #0(0%/("$)#! 1' (0%/("$)#! "$#1'%"$6#! )$?#'60##3 
0.050#1!) "+(1!), )$?#'60##3 :/#%-!; 7+"1/@/ 1' %+#10%"1#$< /5+). P'@($%.'7: 

Rat r ={(Int a)//(Nat b);       // C+#"1(/%1+( "+(1/ 

  Num(r) = a, Den(r) = b;       // X/#%-!= 7+"1/@/ 

  GCD(a, b) = 1          // C+#10%"1#' /5+)' 
}; 

Monom M = {(Rat c)$(Const Variable x)^^(Nat n);  // C+#"1(/%1+( "+(1/ 

   Coef(M) = c,          // X/#%-!= 7+"1/@/ 
   Var(M) = x, 

   Deg(M) = n 

};  

Polynom P = {(Monom M)++(Polynom Q);   // C+#"1(/%1+( "+(1/ 
    LeadMon(P) = M,         // X/#%-!= 7+"1/@/ 
  LeadCoef(P) = Coef(M), 

  Deg(P) = Deg(M); 

  Deg(P) > Deg(Q)        // C+#10%"1#' /5+)' 
 }; 

B.3 1+,+, J+E (0'.!?/)'1$ +E6$".0##3 ) 703%!; '.,0E(! UA  vv , , @+1(!E#+ 

(0'.!?/)'1$ '.,+($15$ )$%+#'##3 %+O#+= == +@0('-!= 1'%$5 6$#+5, J+E 
)$%+#/)'.$"* '%"!+5$ -!I= '.,0E($. 

;+('-5((6 1.9. F%0!"?"!0,0$"$4 +@0('-!= "$,#'1/($ u$  #'?$)'I1*"3 

:/#%-!3, 3%/ (0'.!?+)'#+ '.,+($15+5 )$%+#'##3 )!7@+)!7#+= +@0('-!=.  
9#10(@(01'1+($ +@0('-!; )$?#'6'81* ?'"+E'5$ 5+)$ @(+,('5/)'##3. B.3 

#'F$< -!.0; ?'"1+"+)/I1*"3 5+)' APLAN. N1O0, 5$ )%.86'I5+ -8 5+)/ / 5+)/ 
"@0-$:!%'-!;.    
M'%$5 6$#+5, 7.3 '%"!+5'1$6#+,+ 1' %+#"1(/%1$)#+,+ +@$"/ '.,0E($ <v 7+ == 

+?#'60##3 5$ )%.86'I5+ "%!#60#/ 5#+O$#/ '%"!+5 vAx  1' "%!#60#/ 5#+O$#/ 
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!#10(@(01'1+(!) vI . M+7! E','1+"+(1#' '.,0E(' <v )$?#'6'I1*"3 #'"1/@#$5 

6$#+5: '$+!( vvvvvvv I,Ax,,,,USA . 

1.3. >5"&,1 $&0#,&)1 0'3'"&!&/"(&9 '4350/1 

L+E/7+)' "1(/%1/($ E','1+"+(1#$< '.,0E( @+.3,'I / "@0-$:!%/)'##!, 
@(+1+1$@/)'##! 1' (0'.!?'-!= '.,0E('=6#$< +E6$".0#*. 2@0-$:!%'-!= "1(/%1/($ 
E','1+"+(1#$< '.,0E( ?7!;"#8I1*"3 / 10(5!#'< (+?F$(0#*, ,+5+5+(:!?5!), 
!?+5+(:!?5!) 1' "@'7%/)'##3 E','1+"+(1#$< '.,0E(. M'%$5 6$#+5, ('?+5 ? 
7!',('5'5$ ?'.0O#+"1!, 3%! I ,(':!6#$5$ 5+70.35$ "@0-$:!%'-!; "$,#'1/( 
+@0('-!; 1' %+#"1(/%1+(!), E/7/81*"3 7!',('5$ (+?F$(0#*, 7!',('5$ 5+(:!?5!) 
(1+E1+ !?+5+(:!?5! 1' ,+5+5+(:!?5!)) 1' 7!',('5$ "@'7%/)'##3. 4$ (+?,.3#05+ 
501+7 (+?F$(0#*. 401+7$ 5+(:!?5!) 1' "@'7%/)'##3 )$<+7$1* ?' ('5%$ 7'#+= 
(+E+1$. 

1.3.1 >5"&, /&+?1/5((6 '4350/ 

;+('-5((6 1.10. P0<'; <u 1' Av – E','1+"+(1#! '.,0E($. K','1+"+(1#' '.,0E(' 

Av #'?$)'I1*"3 "$=;("!%%<4 E','1+"+(1#+= '.,0E($ <u, 3%J+ Su . Sv 1' 7.3 E/7*-

3%+= @'($ +@0('-!; 1f  1' 2f  1$@!) )!7@+)!7#+ uuu m "),...,(: 1%  1' 

vvv m "),...,(: 1% , 3%J+ )$%+#/81*"3 )<+7O0##3 
mm vuvu SSSS .. ,...,

11
, 1+ 

muum SSaa ## / ...),...,(
11 5'I 5!"-0 (!)#!"1* ),...,(),...,( 1211 mm aafaaf ! . 

G'7,*!%%<4 #'?$)'I1*"3 !?+5+(:#0 )!7+E('O0##3 Red vu SS 0": , 3%0 

)!7+E('O'I uS  #' @!75#+O$#/ vv SS 10 . NE50O0##3 '.,0E($ Av #' @!75#+O$#/ 

vS 0 , !?+5+(:#0 Au, )$?#'6'I1*"3 "$"105+8 /5+)#$< 1+1+O#+"10; 

)(),...,(1 xExE k : )}(),...,(|{ 1 aEaESaS kvv  !0 . U'"1+"/)'##3 "$"105$ 

)(),...,(1 xExE k  3% "$"105$ @0(0@$"/)'#* «"@(+J/I» 10(5 vSa 0  7+ 10(5/ 

uSa  0 : Red-1(a)= a0 . 

8(# 2.  !"#$%&' ()"#!"$* !+,-*!%&. /0 0+&1'!203)4 '" 506"(%&. 

 !"#$%&'$()"(* !+(# %!,-(%.""/ Av +!0/123 ) !+(#4 '!"#$%&'$!%2 Av $2 
)'025.""/ Au ) 201.6%& Av. 72 %(#. 2 +!5)4*"!8 #$%40'!8 +!,"29."! $!* :2'$, 
;!  v 3 %!,-(%.""/< 201.6%(  u, )  v )(,"29."! '!"#$%&'=48 

),...,,...,( 1 muuuv  !  $2 )'025.""/ vuRed , . 
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 !"#$%&. B45"!-.""/ %!,-(%.""/ CD?, ()45"!-.""/ «#!%$-+45#!%$») 3 
!#"!)"(< & 52"4* %!6!$4. C212$!#!%$"4 201.6%(, 92#$'!)! &+!%/5'!)2"4 =(< 
)45"!-.""/<, "2,()28$A &+!%/5'!)2"!-#!%$"(<(. E#"!)( $.!%4F &+!%/5'!)2"!-
#!%$"(G 201.6% & FF ,2#$!#&)2""4 5! $.!%4F +%!1%2<&)2""/ ,2'025."4 & [12]. 
H!#4*#A'!8 <!)!8 )!"( )('025."4 & [13].     
!"#$%&' 4. H!,10/".<! '!"#$%&'$!% +!0/ Rat (+%('025 2). I )45+!)45"!#$4 5! 

!,"29.""/ )4" )(,"2923 '!"#$%&'=48 Rat, 2%1&<."$2<( /'!F 3 #!%$( Int $2 Nat. 

J!+!)"(<! #+.=(:4'2=4F #!%$& Rat )'025.""/< IntRatd ":Re , /'. )(,"29."! 

%4)"4#$8 aad !)1//(Re . K2'(< 9("!< #!%$ Rat )(,"29."! '!"#$%&'$()"! /' 

%!,-(%.""/ #!%$& Int. 
 H!,10/".<! $.+.% '!"#$%&'$!% '40A=/ Polynom (+%('025 3). B4" )(,"2923 

%.'&%#()"! '!"#$%&'=48 Polynom, 2%1&<."$!< /'!F 3 #!%$ Monom. J!+!)"(<! 

#+.=(:4'2=4F #!%$& Polynom )'025.""/< MonomPolynomd ":Re , /'. 

)(,"29."! %4)"4#$8 MMd !## )0(Re . E$L., #!%$ Polynom )(,"29."! /' 

%!,-(%.""/ #!%$& Monom. 
I #)!8 9.%1&, #!%$ Monom 3 %!,-(%.""/< #!%$& Degree , :&"'=438 Red, 

)(,"29."!8 %4)"4#$8 1$x^^k = x^^k, %!,-(%.""/< #!%$& LinMonom , 

:&"'=438 Red, )(,"29."!8 %4)"4#$8 a$x^^1 = a$x $2 %!,-(%.""/< #!%$& Rat 

, :&"'=438 Red, )(,"29."!8 %4)"4#$8 a$x^^0 = a. ?!%$( Degree $2 LinMonom 

3 %!,-(%.""/< #!%$& Variable , :&"'=4/<( %.5&'=4F, ,252"(<( )45+!)45"! 

%4)"!#$/<( x^^1 = x (& 1$x = x. E$L., 5421%2<2 %!,-(%."A <23 )(5 

 

 

7*1 3. 8)"#!"$" !+,-*!%&. 9!*06"(2 4. 

>.G2"4,< !+,-*!%&. 3 !5"(< , !#"!)"(G <.$!54) #+.=(:4'2=4* 6212$!#!%$"(G 
201.6%. M!'%.<2, )4" 5!,)!0/3 )(,"29($( +.%.)2"$2L."4 201.6%2F9"4 !+.%2=4F $2 
:&"'=4F +%().5.""/ 201.6%2F9"(G $(+4). 

2. )*(+'# ,-*.#/0$&.01 &%2*3"&456#7 +35#,%*68. 9#6(*: &%2*3"&456#7 

-"+2"&;.  

2.1. 9(&(#560 (& '#6&;0560 "+:<#"*66=  

>:6&5*66= 2.1. H!,-(%.""/ B 201.6%( A "2,()23$A#/ #$2$(9"(< 

(".%.'&%#()"(<), /';! & *!1! '!"#$%&'$!%4 ),...,,...,( 1 nAAAB $! L!5." , 

2%1&<."$4) ". #+4)+2523 , B .  

Polynom 

Degree 

Monom 

LinMonom 

Rat Variable 
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N%('025( #$2$(9"(G %!,-(%."A:  

N!0. Rat 3 #$2$(9"(< %!,-(%.""/< '40A=/ Int. J4*#"!, )//()( BNatAIntRRat !   

N4)1%&+2 <!"!<4) Monom !5"43F $)4%"!F 3 #$2$(9"(< %!,-(%.""/< +!0/ 

'!.:4=43"$4) Coef,  !#'40A'( )()^)$(( NNatxVaraCoefMMonom ! . 

>:6&5*66= 2.2. H!,-(%.""/ B 201.6%( A "2,()23$A#/ 5("2<49"(< 

(%.'&%#()"(<), /';! & *!1! '!"#$%&'$!%4 ),...,,...,( 1 nAAAB $! ;!"2*<."-. 

!5(" , 2%1&<."$4) #+4)+2523 , B .  
 !"#$%&'$!% 5("2<49"(G %!,-(%."A 3 %.'&%#()"(< )(,"29.""/<, !$L., 

<4#($A /' 62,!)&, $2' 4 %.'&%."$"& 92#$("(. 
'()%*&$) $)+&,#-+). (!/0)(1+2: 

 B.'$!%"(* +%!#$4% LinComb 04"4*"(G '!<64"2=4* 6212$A!G ,<4""(G "25 +!0.< 
Coef 3 04"4*"(< 5("2<49"(< %!,-(%.""/< LinMonom, .0.<."$ /'!1! <23 )(10/5 

.$xa  O0.<."$ LinCombw%  <23 )(5 mm xaxaxaw $...$$ 2211 ######! .  

)()( wLinCombuLinMonomwLinComb ##!  

 40A=. <"!1!90."4) !5"43F ,<4""!F Polynom "25 +!0.< Coef. P. '40A=. ) 

201.6%4 $%25(=4*"! +!,"2923$A#/ 9.%., ][xF . 

)()( wynomPolMMonomwPolynom ##!  

>:6&5*66= 2.3. J("2<49". %!,-(%.""/ B 201.6%( A "2,()23$A#/ 04"4*"(<, 

/';! & *!1! '!"#$%&'$!%4 ),...,,...,( 1 nAAAB $! & $!9"!#$4 !5(" , 2%1&<."$4) 

#+4)+2523 , B . 

J("2<49". %!,-(%.""/ B 201.6%( A "2,()23$A#/ 64"2%"(<, /';! & *!1! 

'!"#$%&'$!%4 ),...,,...,( 1 nAAAB $! & $!9"!#$4 5)2 2%1&<."$( #+4)+2528$A , B . 

!"#$%&' 5. !+%* $?&'"&(6#7 "&'#$&%0? 

N%('025( 3, 4 3 +%('0252<( 04"4*"(G 5("2<49"(G %!,-(%."A. H!,10/".<! 
+%('025 64"2%"!1! 5("2<49"!1! %!,-(%.""/: 
Q(#0!). +!0. Rad, .0.<."$2<( /'!1! 3 04"4*"4 '!<64"2=4F ')25%2$"(G '!%."4) 

"2$&%20A"(G 9(#.0, )40A"(G )45 ')25%2$4), , %2=4!"20A"(<( '!.:4=43"$2<(, 
<!L"2 +%.5#$2)($( /' 64"2%". %!,-(%.""/ +!0/ Rat ,2 5!+!<!1!8 "2#$&+"!F 

'!"#$%&'=4F. 7.G2* ,...,...,, 21 nppp  - +!#045!)"4#$A &#4G +%!#$(G 9(#.0, 

%!,$2-!)2"(G & +!%/5'& ,%!#$2""/. N!,"29(<! $2'!L 9.%., Q +!0. 
%2=4!"20A"(G 9(#.0. B).5.<! "2#$&+"4 +!,"29.""/: 

,...}2,1,,,*:{, 10 !%#!!! & nRadbapbarrRadQRad nnn . N!0. Rad 3 

".#'4"9.""(< !6’35"2""/< ,%!#$289!F +!#045!)"!#$4 +!04) nRad . 

......, 10

0

''''!!
(

!

n

n

n RadRadRadRatRadRad    (4) 

E$L., '!"#$%&'$!% Rad <23 )(5 

)(|*)()( qRatpNatbRadaRadrRad #!   (5) 

M2&)2L(<!, ;! +!#045!)"4#$A %!,-(%."A (4) 3 +!#045!)"4#$8 #'4"9."(G 

201.6%2F9"(G %!,-(%."A +!04) '!%."/<( +!04"!<4) 02 !& npx .  
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 I +%.5#$2)0.""/ (5) )'089."4 /' !+(# .0.<."$& 62,!)!F 201.6%( qRat , $2' 4 

!+(# <.G2"4,<& %!,-(%.""/ - '!"#$%&'$!% pNatbRadaRad *)()( # . K2'2 

#+.=(:4'2=4/ & $!9"!#$4 )45+!)4523 !,"29.""8 (4). M 4"-!1! 6!'&, !+(# 62,!)!1! 
.0.<."$& 3 ,2*)(<, /';! *!1! <!L"2 !$%(<2$( , #+4))45"!-.""/ )'025.""/. 
J4*#"!, #+.=(:4'2=4/ ).'$!%"!1! +%!#$!%& LinComb , )'089.""/< 5! ".F !+(#& 
.0.<."$2 62,!)!F 201.6%( LinMonom <23 )(10/5    

)(|)()( uLinMonomwLinCombuLinMonomwLinComb ##!  

E5"2', )'089.""/ LinCombLinMonom'  )(,"29."! %4)"4#$8 uu !## 0 . 

K!<& !'%.<(* !+(# uLinMonom  3 ,2*)(<. >( 5!+&#'23<! !6(5)2 #+!#!6( 

#+.=(:4'2=4*.  
R!%<&0( (4)  6.,+!#.%.5"A! &,2120A"88$A#/ "2 5!)40A"4 5("2<49"4 

%!,-(%.""/. S';! 201.6%2 B 3 5("2<49"(< %!,-(%.""/< 201.6%( A , 

0+&1'!20'+!+$ ),...,,...,( 1 nABAB $! , ,%!#$289& +!#045!)"4#$A 

......10 ''' nBBB   )(,"29(<! $2'(< 9("!<: 

1. ,)0( AB !    (6) 

2. ),...,,...,( )(1)1( nnn ABAB $!#   (7) 

B'025.""/ BAd ":Re  )(,"2923 )'025.""/ iii BBd "#1:Re , ,)45'( 

6.,+!#.%.5"A! )(+0()23 +%.5#$2)0.""/ A & )(10/54 !6’35"2""/ ,%!#$289!F 
+!#045!)"!#$4 201.6%, '!L"2 , /'(G 3 #$2$(9"(< %!,-(%.""/< +!+.%.5"A!F. 

                             ......, 10

0

''''!
(

!

n

n

n BBBBB     (8) 

I +%2'$(=4 %!,%!60.""/ CD? )(/)(0(#/ 4 5./'4 &,2120A".""/ )(,"29.""/ (8). 

K2', ,2<4#$A +!#045!)"!#$4 201.6% (
!0iiB }{  %!,10/".<! <"!L("& 4"5.'#!)2"(G 

201.6% IiiA %}{ , 5. I  - 04"4*"!-&+!%/5'!)2"2 <"!L("2 4"5.'#4). D01.6%& 

()' JIJBJ ,,  )(,"29(<! /' !6’35"2""/ 201.6% jA , Jj % :  
Jj

jJ AB
%

! . C&5.<! 

))2L2$(, ;! 4#"&3 $2'. )'025.""/ 201.6% JB , +%( /'!<& 
2121 JJJJ BBB *'* . K!54   

 
()'

!
JIJ

JBB
,

               (9) 

N%('025!< $2'!F 201.6%( 3 '40A=.  ]][[xK , .0.<."$2<( /'!1! 3 #&<( <!"!<4) 

, %2=4!"20A"(<( +!'2,"('2<( #$.+."4):   

                       +
()'%

!!
JRatJJj

j

j xaPPxK
,,

:{]][[         (10) 

J("2<49"4 %!,-(%.""/ 201.6% 3 +!#045!)"!#$/<( #$2$(9"(G %!,-(%."A. P. 
5!,)!0/3 )('!%(#$!)&)2$( ,2120A"& #G.<& %.204,2=4F 5("2<49"(G %!,-(%."A, 
)()!5/9( )45+!)45"4 #(#$.<( +.%.+(#&89( +%2)(0. 
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2.2 9#6(*: &%2*3"&456#7 -"+2"&; 

2.2.1 !"#$%&' ?#?+'@ &%2*3"&456+4 -"+2"&;# : ,-*.#/0$&.01 ,+"(@ 

N%('025 7. ?+.=(:4'2=4F #!%$& Rat $2 )()45 !69(#0."A , %2=4!"20A"(<( 
9(#02<(.  ?+.=(:4'2=4F #!%$& Rat )(,"2928$A =.* #!%$ /' +!0., 04"4*"(* +!%/5!' 
$2  #$2$(9". %!,-(%.""/ Int. 

Sort Rat:: Field, LinOrd;     //:9"(025"&&/  

Constructor 

Rat r ={(Int a)//(Nat b);  //  !"#$%&'$!% #!%$& 

  a//1 = a;      // R&"'=4/ )'025.""/  RatToInt 

  Num(r) = a, Den(r) = b;  // R&"'=4F 5!#$&+& 

  GCD(a, b) = 1     //  !"$.'#$"2 &<!)2 

  Form: Num(Form(r))% Int, Den(Form(r))% Nat,  
  GCD(Num(Form(r), Den(Form(r)) = 1; 

}; 

Operations 
Add:  a//b + c//d = Form((a*d + b*c)//(b*d));    

Sub:  a//b - c//d = Form((a*d - b*c)//(b*d));    

Mult: a//b * c//d = Form((a*c)//(b*d));    

Div:  a//b / c//d = Form((a*d)//(b*c));    

Div:  a/b = Form(a//b),a/0=Exeption(‘Divison by zero’); 

Pow:  n >= 0 -> (a//b)^n  = (a^n//b^n), 

n < 0 ->   (a//b)^n  = (b^-n//a^-n); 

Predicates 
Equ:  a//b == c//d = (a == c)&(b == d);    

Gre:  a//b > c//d = (a*d > b*c);    

Les:  a//b < c//d = (a*d < b*c);    

UnLes: a//b >= c//d = (a//b > c//d),( a//b == c//d);    

UnGre: a//b <= c//d = (a//b < c//d),( a//b == c//d);    

H!,10/".<! )()45 4"$.%+%.$2$!%& !+.%2=4F Add. M #+.=(:4'2=4* <23<!:   

 a//b + c//d = Form((a*d + b*c)//(b*d));   (11) 

 a//1 = a;               (12) 

M)45'( !$%(<&3<!: 

a + c//d = Form((a*d + 1*c)//(1*d));     (13) 

M2#$!#!)&89( $!$!L"4#$A #!%$& Int  a*1 = 1*a = a 5! (13), !$%(<&3<!:  

a + c//d = Form((a*d + c)//d);       (14) 

D"20!149"!, 50/ 5%&1!1! !+.%2"5& !$%(<&3<!:   
a//b + c = Form((a + b*c)//b); 

B().5."4 #+4))45"!-.""/ 3 92#$'!)(<( )(+25'2<( (12) – #+.=(:4'2=4F 

!+.%2=4F Add )'025.""/< RatToInt. H2,!< , ,2120A"(< #+4))45"!-.""/< (11) 

)!"( )(,"2928$A +%2)(02 )('!"2""/ 5!52)2""/ 5%!64):  
Add:=rs{ 

 a//b + c//d = Form((a*d + b*c),(b*d)),    

 a + c//d = Form((a*d + c),d),   

 a//b + c = Form((a + b*c),b)   

}; 
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72#$&+"4 +.%.$)!%.""/ 3 !+$(<4,&89(<(. B('!%(#$!)&89( '!"$.'#$"4 &<!)( 

".)2L'! +!'2,2$(, ;! )('0('( Form & 5%&1!<& $2 $%.$A!<& +%2)(02G <!L"2 

)(520($(. ?(#$.<2 +.%.+(#&)2"A 4"$.%+%.$2$!%& Add +%(*<23 )(5 
Add:=rs{ 

a//b + c//d = Form((a*d + b*c),(b*d)),    

a + c//d = (a*d + c)//d,   

a//b + c = (a + b*c)//b   

}; 

P40'!< 2"20!149"! )()!5/$A#/ 4"$.%+%.$2$!%( !+.%2=4* )45"4<2""/ $2 
<"!L.""/ "2 Rat. B('089.""/< 3 !+.%2=4/ 540.""/, /'2 )45#&$"/ & #(1"2$&%4 
#!%$& Int. K!<& FF $%.62 )(,"29($( /' 6212$!#!%$"& $2 #+.=(:4'&)2$( (5() 
#+.=(:4'2=4F #!%$& Rat). T. !5"(< )('089.""/< 3 !+.%2=4/ +45".#.""/ 5! 
#$.+."/, /'2 3 +!G45"!8 )45 <"!L.""/. J0/ FF 4"$.%+%.$2=4F )(,"29.""/ 
'!"#$%&'$!%& #!%$& ". +!$%46"!.  
M).%".<! $.+.% &)21& "2 :&"'=48 Form. B(,"29.""/ =43F :&"'=4F ,)’/,&3 FF , 

#(<)!0!< '!"#$%&'$!%& #!%$&. H!0A =43F :&"'=4F +! #&$4 +!0/123 & '2"!"4,2=4F 
.0.<."$& #!%$&. N%( )('!"2""4 +%2)(02 ,2120A"!1! )(5& =/ :&"'=4/ 
)('0('23$A#/ "2 %.,&0A$2$ !+.%2=4F. K!<& :&"'=4/ Form 3 4"$.%+%.$2$!%!< 
#(<)!0& '!"#$%&'$!%2 #!%$&. J0/ #(<)!0& // '!"#$%&'$!%2 #!%$& Rat   <( 6&5.<! 
'!%(#$&)2$(#/ +!,"29.""/< !/. M2120A". +%2)(0! 5!52)2""/ +%(*<. )(10/5           

a//b + c//d = a*d + b*c)!/(b*d). 

M"2' “!” ,2)L5( 6&5. )'0892$(#/ 5! #'025& 4":4'#"(G +!,"29."A 
'!"#$%&'$!%4) #!%$4) 4 ,2)L5( 6&5. !,"292$( )('0(' 4"$.%+%.$2$!%2 '!"#$%&'$-
$!%2 #!%$&. K2'(< 9("!<, & #(#$.<4 +%2)(0    

Add:=rs{ 

 a//b + c//d = (a*d + b*c)!/(b*d),    

 a + c//d = (a*d + c)//d,   

 a//b + c = (a + b*c)//b   

}; 

U"$.%+%.$2$!% '!"#$%&'$!%& #!%$& )('0('23$A#/ $40A'( & +.%-!<& +%2)(04.  
>.$!5 )()!5& 4"$.%+%.$2$!%2 !+.%2=4F #!%$& v   !"#" $%&'()*+,'*! -+."  

,/#&012 vA  3( 4,5&4" -+ $6,6(54& 1" 7(1&44- ,/#&01( uA  8"94, 2 ,#,/:4(6( 

-+ ,/#"1(68 $(46& 2 ,/#&01,;54"; %1"#1,8(.  
<,23,9(8", ." '&! 8&6"= 8"94, 1&,/* 23,6( 2 3(#/-=* ,/#&01,;54"; 

%1"#1,8(, "$+*/:+( 3*4 $%(1,>6:$- 6*/:+( 4, &+3,'*"4,/:4(! 3(3*=. ?/- 
,36"8,6( ,'*; &/*8*4,'*; )24+'*; Form 61&0, 3(+"1($6"323,6( 0*/:7 $+/,=4* 
8&6"=( 6, 6&@4"/"#*; – $($6&8( ="3&=&44- 6&"1&8 4,= 0, "3(8 $"16"8 u.   

 

2.2.2  !"#$ #%&'()('&*&+(#" , -#%#.%!/  $!%*0#1%!/ (+23!('%%4/ 

5(!6-*$ 8. A%&'()*+,'*; $"162 Polynom 6, 3(3*= "05($/&4:   84"#"5/&4,8( 

"=4*>;  8*44";.  

A%&'()*+,'*; $"162 Polynom 3( 4,5,B6: '&! $"16 -+ &3+/*="32 "0/,$6: 6,  

/*4*!4& =(4,8*54& 1" 7(1&44- Monom. 
Sort Polynom::EuclideDomain;  

Parameter Field Coef, Const Variable Argument;

Constructor{ 
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Polynom P = Monom M ++ Polynom Q //  !"#$%&'$!% #!%$& 

0 ++ P = P,    //C24+'*- 3+/,=&44-  PolynomToPolynom 

M ++ 0 = M;    // C24+'*- 3+/,=&44-  PolynomToMonom 

LeadMon(P) = M,   // C24+'*; ="$62%2 
LeadCoef(P)= Cf(M), 

Arg(P)= Arg(M), Deg(P)= Deg(M);  

Deg(M)> Deg(Q), Arg(M)= Arg(Q);  // D"46&+$64, 28"3, 

Form: M Monom, Q Polynom,  

 0 ++ P = P, M ++ 0 = M, 

 Arg(M) = Arg(Q), Deg(M)> Deg(Q), Cf(M)<>0 

}; 

Operations

Add: Deg(a)==Deg(b)! (a++A)+(b++B)=(a+b) !+ (A+B); (17) 

Sub: Deg(a)==Deg(b)! (a++A)-(b++B)=(a-b) !+ (A-B); 

Mult:   // Polynom * Polynom ! Polynom; Commutative   
(a++A)*(b++B)=(a*b)++((a*B+A*b)+A*B); 

Mult:   // Coef * Polynom ! Polynom; Commutative 
 c*(b++B)= c*b ++ c*B; 

 (b++B)*c = Form(c*b, c*B); 

Div: (a++A)/b = a/b ++ A/b; 

Pow: a^n=sqr(a^n div 2)*a^(n mod 2); // < $"162 MiltSemiGroup 
IntDiv:  

 Deg(P)==Deg(Q) ! P div Q = LeadCoef(P)/LeadCoef(Q),  

 Deg(P)< Deg(Q) ! P div Q = 0, 

 Deg(P)> Deg(Q) ! P div Q = LeadMon(P)div LeadMon(Q)++ 

 (P-(LeadMon(P)div LeadMon(Q))*Q div Q); 

Mod: P mod Q = P - (P div Q)*Q; // < $"162 EuclideDomain  
  

E, ':"82 %1(+/,=* 8( %"+,9&8", ." 8&6"=( 3(3"=2 $%&'()*+,'*!, 1" #/-426* 

3(.&, %1(3"=-6: =" "0F1246"3,4(@   8,6&8,6(54"; 6"5+(  "12 $($6&8 

*46&1%1&62B5(@ %1,3(/.    

G&17  , 3$&,  3&14&8" 23,#2 4, =3, %1(4'(%"3" 1* 4(@ 8&6"=, 3( 4,5&44- 

"%&1,'*!. H%&1,'*; Add, Sub, Mult, Div 3( 4,5&4* 2 6&18*4,@ +"4$612+6"1*3 

"%&1,4=*3. I,+* 3( 4,5&44- "%&1,'*! 8( 02=&8" 4, (3,6(  !"#$%& $'("')'. J& 

=&8"4$612> 3( 4,5&44- "%&1,'*; IntDiv (=*/&44- $ "$6,5&B). H%&1,'*B Mod 

3( 4,5&4" 2 6&18*4,@ "%&1,'*! $(#4,621( $"162 Polynom. I,+* 3( 4,5&44- 

"%&1,'*! 8( 02=&8" 4, (3,6( *+#$%* $"')' ,0" ,!-./"')'. H$+*/:+( 'B 

$(#4,6212 2$%,=+"3,4" 3*= ,0$61,+64"#" $"162 EuclideDomain, $%&'()*+,'*B 

"%&1,'*; Mod 4,3"=(6:$- $,8& 2 ':"82 $"16*. K $"16* EuclideDomain 

3( 4,5,>6:$- * ,/#"1(68 L3+/*=,.  H%&1,'*B Pow 61&0, 3( 4,5(6( .& 1,4*7& – 2 

$%&'()*+,'*-@ $"162 MiltSemiGroup.  

D"4$612+6"1 $"162 3( 4,5&4(! 1&+21$(34". H69&, M/#&01, Polynom > 

%"$/*="34*$6B 3+/,=&4(@ ,/#&01, -+, %"5(4,>6:$-   ,/#&01( Monom (8"4"8( 

"=4*>;  8*44";):  

      ......10 """"# kPolPolPolMon            (18) 
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M/#&01, iPol  > 84"9(4"B %"/*4"8*3 $6&%&4- i. I"=*  iPol  > 3&+6"14(8( 

%1"$6"1,8( 1" 8*14"$6* 1$i . G1( 6,+*! *46&1%1&6,'*; $6&%*4: %"/*4"82 3( 4,5,> 

!"#" *4=&+$ 2 %"$/*="34"$6*. I"82 "%&1,'*B ="=,3,44- Add (17) 3( 4,5&4" 

61:"8, 1*34"$6-8(, %&17,   -+(@ 3( 4,5,> %1,3(/" ="=,3,44-, -+." "0(=3, 

"%&1,4=( 4,/&9,6: "=4*! ,/#&01*, *47* =3* – 1* 4(8: 

jiPolbPolajiPolbPolaPolba jijii %  &   ,,;,,;,  

I,+(8 5(4"8, 1" 7(1&44- (18) > 1" 7(1&44-8 3&+6"14(@ %1"$6"1*3. G1,3(/, 

*46&1%1&6,'*; 3&+6"14(@ "%&1,'*! 3(3"=-6:$-   ;@ $%&'()*+,'*! '*/+"8 

,4,/"#*54" 39& 1" #/-426"82 3(%,=+2 $6,6(54"#" 1" 7(1&44- ,/#&01:  

11 ,2)dim(,1)dim(
$$

"$#$# iiii PolPoliPoliPol , 

aaAAPolAAaVPolV ii #$$#$$ $$#! 
$

0,0;,1 . 

Deg(a)==Deg(b)!(a++A)+(b++B)=(a+b)!+(A+B),//"$4"34& %1,3(/" 

Deg(A)< Deg(b) ! A + (b++B)= b !+ (A+B), // 5,$6+"3* 3(%,=+( 

Deg(a)> Deg(B) ! (a++A) + B = a !+ (A+B) 

 P(3&=&4* %1,3(/, .& 4& 31,@"32B6: =12#2   28"3 3+/,=&44-  M++0 = M. 

I"82 +"94&   '(@ %1,3(/ 61&0, .& %&1&63"1(6(:     

Deg(a)== Deg(b)! a + (b++B)=(a+b) !+ B. 

Deg(a)== Deg(b)!(a++A) + b=(a+b) !+ A. 

Deg(a)== Deg(b)! a + b = a + b. 

H$6,44> %1,3(/" > 61(3*,/:4(8. H69&, =/- "%&1,'*; Add $"162 Polynom 

"61(82>8" 4,$62%42 $($6&82 %1,3(/ *46&1%1&6,'*;:  

Deg(a)== Deg(b)! (a++A) + (b++B) = (a+b) !+ (A+B), 

Deg(a)== Deg(b)! a + (b++B)=(a+b) !+ B, 

Deg(a)== Deg(b)! (a++A) + b = (a+b) !+ A, 

Deg(A)< Deg(b) ! A + (b++B) = b !+ (A+B),  

Deg(A)< Deg(b) ! A + b = b ++ A, 

Deg(a)> Deg(B) ! (a++A) + B = a !+ (A+B), 

Deg(a)> Deg(B) ! a + B = a ++ B; 

D1*8 6"#", 4, $"16* Monom 3( 4,5,>8" ="=,6+"3" 5,$6+"32 "%&1,'*B Add:    
a$x + b$x = (a + b)$x. 

J- $($6&8, 31,@"32> "0(=3* 28"3( 3+/,=&44-, 6"06" 3+/,=&44- 

%"$/*="34"$6* 1" 7(1&4:  10 PolPolMonom "# , 1$" ii PolPol . 

<1"0(8" 3($4"3+(. A%&'()*+,'*; $"162 Polynom 3( 4,5,B6: =(4,8*54& 

1" 7(1&44- 3&+6"14"#" %1"$6"12. G"@*=4* "%&1,'*; 8,B6: 02/( 3(+/B5&4*   

$%&'()*+,'*! Polynom * 3*=4&$&4* =" $%&'()*+,'*! 3*=%"3*=4(@ ,0$61,+64(@ 

,/#&01. D"4$612+6(34* "%&1,'*; $(#4,621( 3&+6"14"#" %1"$6"12 3( 4,5,B6:$- 

"$4"34(8 3(%,=+"8. Q,$6+"3* 3(%,=+( 3(3"=-6:$- 8&6"=,8( 3(3"=2 $6,6(54(@ 

1" 7(1&4:.  

H$+*/:+( =/- $"162 Polynom *$42> =3, $%*33*=4"7&44- 3+/,=&44-, 3(3*= 

%"34"; $($6&8( %1,3(/  =*!$4B>6:$- %"$/*="34": $%"5,6+2 %" %&17"82 

$%*33*=4"7&44B, , %"6*8 – %" =12#"82.  
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H%&1,'*; 84"9&44- 6, 4&%"34"#" =*/&44- $%&'()*+2B6:$- "+1&8" -+ 

="=,6+"3* "%&1,'*; 4, 3&+6"14"82 %1"$6"1* Polynom.   
Sort Polynom::EuclideDomain, VectorSpace;   

Parameter Field Coef, Const Variable Argument;

Constructor

{Polynom P = Monom M ++ Polynom Q | Monom M  

// D"4$612+6"1 $"162 

0 ++ P = P,  // C24+'*- 3+/,=&44-  PolynomToPolynom 

M ++ 0 = M;  // C24+'*- 3+/,=&44-  PolynomToMonom 

LeadMon(P) = M, // C24+'*; ="$62%2 
LeadCoef(P)= Cf(M), 

Arg(P)= Arg(M), 

Deg(P)= Deg(M);  

Deg(M)> Deg(Q), // D"46&+$64, 28"3, 
Arg(M)= Arg(Q);    

Form: M Monom, Q Polynom,  

 Arg(M) = Arg(Q), Deg(M)> Deg(Q) 

}; 

Operations

Add: Deg(a)==Deg(b) ! (a++A)+(b++B)= Form(a+b, A+B), 

Sub: Deg(a)==Deg(b) ! (a++A)-(b++B)= Form(a-b, A-B), 

Mult: S*(b++B)= Form(S*b, S*B); 

(b++B)*S = Form(S*b, S*B); 

Div: (a++A)/Scal = Form(a/S, A/S); 

Mult: (a++A)*(b++B)=Form(a*b, (a*B+A*b)+ A*B); 

IntDiv:Deg(P)==Deg(Q)!P div Q = LeadCoef(P)/LeadCoef(Q), 

Deg(P)< Deg(Q) ! P div Q = 0, 

Deg(P)> Deg(Q) ! P div Q = Form(LeadMon(P)div LeadMon(Q),  

(P-(LeadMon(P)div LeadMon(Q))*Q div Q); 

 

2.2.3 5(!6-*$ "!"+$, *-7'8(*91%+9 )(+7(*0! 2 :)';!<#6*;#. :+(&,. 

=#%*(%' $!%*0#1%' (+23!('%%4 

R" #/-4&8" %1(+/,= 0*4,14"#" =(4,8*54"#" 1" 7(1&44- ,/#&01( Bool – 

,/#&012 /"#*+( BoolAlg. J- ,/#&01, > 6,+"9 1" 7(1&44-8 0, "3"#" $"162 

Variable, "$+*/:+( &/&8&46( ':"#" $"162 – /,6(4$:+* 02+3( *46&1%1&62B6:$- -+ 

/"#*54* )"182/(. N( %"+,9&8", ." 3(3*= *46&1%1&6,6"1*3 /"#*54(@ "%&1,'*; 

 =*!$4B>6:$- 6(8( 9 8&6"=,8(. 

L/&8&46,8( $"162 BoolAlg > )"182/( /"#*+( 3($/"3/B3,4: 0,#,6:"@  8*44(@. 

E&@,! ),...,,( 21 nxxxF  - ="3*/:4, )"182/, )"182/( /"#*+( 3($/"3/B3,4: 3*= n 

 8*44(@. G" 4,5(8" 5&1&  O, I /"#*54*  4,5&44- 3*=%"3*=4" .#$'"* 6, -'+".#$0. 

I"=*  

),,...,,(&),,...,(&),...,,( 12112121 OxxxFxIxxxFxxxxF nnnnn ''
()# . 

S+." %" 4,5(6( 

),,...,(),...,(),,,...,(),...,( 11111111 OxxFxxBIxxFxxA nnnn ''''
## , 
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"61(8,>8" %1&=$6,3/&44-  

     ),...,(&),...,(&),...,,( 11111121 ''
()# nnn xxBxxxAxxxxF .     (19) 

I&%&1  =*!$4(8" %"$/*="34" 6,+* 9 %&1&63"1&44- )"182/ A, B 3*=4"$4" 

 8*44(@ 11 x,...,xn' . P 1& 2/:6,6* "61(8,>8" 1&+21$(34& %1&=$6,3/&44- )"182/( 

/"#*+( 3($/"3/B3,4:. E,$%1,3=*, 5&1&  BoolAlgm %" 4,5(8" 84"9(42 )"182/ 

/"#*+( 3($/"3/B3,4: 3*=  8*44(@ mx,...,x1 . I"=*    

}lg,,&&:{lg 1' ()## nnnn BoolABABxAxFFBoolA  

H69&, $"16 BoolAlg > "0’&=4,44-8  1"$6,B5"; %"$/*="34"$6* ,/#&01 BoolAlgm : 

BoolAlg0 = Bool,  BoolAlg0" BoolAlg1 "…" BoolAlgm"…    (20)

BoolAlg = *BoolAlgm

<,23,9(8", ." )"182/, (19)  ,=,> +,4"4*542 )"182 )"182/( ,/#&01( 

3($/"3/B3,4:. G" 4,5(8"  

BxAxxBABF
df

&&),,( ()# .           (21) 

 I"=*  

),&,&(),,(&),,( 21212211 xBBAABFxBABFxBABF # ,    (22) 

),,(),,(),,( 21212211 xBBAABFxBABFxBABF ))#) ,    (23) 

),,(),,( xBABFxBABF ((#( .           (24) 

I,+(8 5(4"8, "$4"34* /"#*54* "%&1,'*; 3(+"42B6:$- %",1#28&464"! E,1&76*, 

/&#+" %&1&3*1(6(, ." )24+'*- 3+/,=&44- 3( 4,5,>6:$- 1*34*$6B 

AxAABF #),,( .               (25) 

JB +,4"4*542 )"182 02=&8" 4, (3,6( %1 &%#'("!2 "!%)*30"!2 4!%)!2 

(REC). E,3&=&8" =,/* $%&'()*+,'*; $"16*3 Bool, BoolAlg. 

5(!6-*$ 9. A%&'()*+,'*; $"162 BoolAlg 6, 3(3*= "05($/&4: /"#*54(@ )"182/ 

0,#,6:"@  8*44(@.  

A%&'()*+,'*; $"162 BoolAlg 3( 4,5,B6: '&! $"16 -+ 02/&32 ,/#&012 – 

4,.,="+ ,0$61,+64"; ,/#&01( Bool 6,  0*4,14& =(4,8*54& 1" 7(1&44- Bool. 

Sort Bool; //M0$61,+64, ,/#&01, 3($/"3/B3,4:.   

Axioms 

  ~O = I,       ~I = O, 
 A&O = O,      A&I = A, 

 A|O = A,      A|I = I, 

 A&~A  = O,     A|~A = I,  

 (A&B)&C = A&(B&C),  (A|B)|C = A|(B|C),  

 A&B = B&A,     A|B = B|A,  

 A&A = A,      A|A= A,  

 A&(B|C) = A&B|A&C,  A|(B&C)= (A|B)&(A|C), 

 ~(A&B) = ~A|~B,   ~(A|B) = ~A&~B, // %1,3(/, =& N"1#,4, 
      ~~A = A; 

Operations 
 Con:   A&O = O, A&I = A; 

 Dis:   A|O = A, A|I = I; 

 Neg:   ~O = I, ~I = O; 

Sort BoolAlg::Bool;  
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Constructor  
{BoolAlg A=BF(BoolAlg A, BoolAlg B, Variable x)|Bool A; 

BF(A, A, x) = A;      // 5&" 6.7 ( 3*/1""7  BoolAlgToBoolAlg 

 Arg(BF(A, B, x)) = x, 

 Left(BF(A, B, x))= A,  Right(BF(A, B, x))= B; 

 x > Arg(A), x > Arg(B);   // 8!"$1 #$"* &)!(* 

  

Form: A, B   BoolAlg, x > Arg(A), x > Arg(B)  

}; 

Operations 
Con: BF(A1,B1,x)& BF(A2,B2,x)= BF(A1&A2,B1&B2,x); 

Dis: BF(A1,B1,x)|BF(A2,B2,x)= BF(A1|A2,B1|B2,x); 

Neg: ~BF(A,B,x)= BF(~A,~B,x); 

 

?/- 3(3"=2 $($6&8( %1,3(/ *46&1%1&6,'*;, -+ * 2 %"%&1&=4:"82 %1(+/,=*, 

3(+"1($6"32>8" 28"32 3+/,=&44-, %"+/,=,B5( A1=B1 * %" 4,5(37( A1 5&1&  A. 

A($6&8, %1,3(/ *46&1%1&6,'*; "%&1,'*; =( ’B4+'*; 8,> 3(=: 
  BF(A1,B1,x)& BF(A2,B2,x)= BF(A1&A2,B1&B2,x), 

  x > Arg(A)! A&BF(A2,B2,x)= BF(A&A2,A&B2,x), 

  x > Arg(A)! BF(A1,B1,x)&A = BF(A1&A,B1&A,x. 

N"94, %"+, ,6(, ." 2 ':"82 %1(+/,=* )24+'*- Form 4& 3(+"1($6"32>6:$-.  

 

>*6-?1'%%4 

K =,4*! 1"0"6* 8( %"+, ,/(, ." %"4-66- +"4$612+6(34"#" 1" 7(1&44- TMA > 

+/B5"3(8 =/- %1"&+623,44- 6, 1&,/* ,'*; $(83"/:4(@ "05($/&4:. T*/:7  , 3$& '& 

$6"$2>6:$- $(83"/:4(@ "05($/&4: 2 8,6&8,6(54(@ $($6&8,@ 4,35,/:4"#" 

%1( 4,5&44-, =& 3(+"1($6"32B6:$- +/,$(54* ,/#&01( 6, ,/#&01,;54* $($6&8(. 

E,$%1,3=* +"4$612+6(34(! %*=@*=, %"1-=   ,+$*"8,6(54(8 %*=@"="8  2 ,/#&01* 

>  ,#,/:4"3*="8(8. U=&- +"4$612+6(34"#" 3( 4,5&44- &/&8&462 ,/#&01(, ." 

02=2>6:$-, 5&1&  &/&8&46( 0, "3(@ ,/#&01 $($6&8,6(54" 3(+"1($6"32>6:$- 3 

,/#&01,;54(@ ="$/*=9&44-@. < *47"#" 0"+2, 8&@,4* 8 %&1&3,46,9&44- 

,/#&01,;54(@ "%&1,'*! > $6,4=,164(8  ,$"0"8 %1"#1,823,44- 8,6&8,6(54(@ 

$($6&8.  

H69&, "$4"34(8 6&"1&6(54(8 1& 2/:6,6"8 1"0"6( > *=&- $($6&8,6(54"#"  

 ,$6"$23,44- +"4$612+'*; 1" 7(1&44- 2 %1"#1,823,44* $(#4,621 TMA -+ 

%&1&3,46,9&4(@ $(#4,621.  

G1,+6(+, 3(+"1($6,44- ':"#" %*=@"=2 %1( 1" 1"0/&44* 8,6&8,6(54(@ $($6&8 

4,35,/:4"#" %1( 4,5&44- %"+, ,/, !"#" &)&+6(34*$6: * 4,3*6: 24*3&1$,/:4*$6:. 

J& – "$4"34(! %1,+6(54(! 1& 2/:6,6 1"0"6(.    
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