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A problem of linear-quadratic optimal control model design has been considered. The 

paper is devoted to the case of three dimensional phase space with time-invariant 

parameters. A special attention has been focused on the matching of the identification 

time range with the optimization horizon. An approach to specification of the 

quadratic performance measure has been elaborated. The linear equation of motion 

and quadratic performance measure has been identified using collocation approach and 

multicriterion feedback controller. The optimal solution of LQ problem has been 

found by Pontryagin’s maximum principle. Numerical experiment has been performed 

using real statistical data for macroeconomic dynamics. 

1.  !"#$ 

I','1+ @(+J.05 "/6'"#+,+ 5'105'1$6#+,+ 5+70.8)'##3 ?)+7$1*"3 7+ ?'7'6 

+@1$5'.*#+,+ %0(/)'##3: %+#"1(/8)'##3 "0()+50<'#!?5!) / 10<#!-!, 5!#!5!?'-!3 
0#0(,!= "$"105 / :!?$-! [1], 5+70.8)'##3 ')1+5'1$6#$< "1'J!.!?'1+(!) ) 
0%+#+5!-! [2], 1+K+. 

L','.*#' ?'7'6' +@1$5'.*#+,+ %0(/)'##3 @+.3,'M ) #'"1/@#+5/. L 5#+E$#$ 

7+@/"1$5$< :'?+)$< 1('M%1+(!; {x(3)} = {x(3)   E
m | 3!"3"3k} ?' 7+@+5+,+8 )$J+(/ 

7+@/"1$5+= 1('M%1+(!= %0(/)'##3 {u(3)} = {u(3)   Er | 3!"3"3k} ?#';1$ 1'%/ :'?+)/ 

1('M%1+(!8, K+ ?'J0?@06/M )$%+#'##3 703%+= /5+)$ +@1$5'.*#+"1! (%($10(!8 

3%+"1!) J(x, u) ?' @0(!+7 6'"/ [3!, 3k]. B+@/"1$5!"1* 1('M%1+(!= %0(/)'##3 
)$?#'6'M1*"3 5#+E$#+8 U %/"%+)+-#0@0(0()#$< :/#%-!; 6'"/, ' 7+@/"1$5!"1* 
:'?+)+= 1('M%1+(!= – (!)#3##35 (/</ @($ 7+@/"1$5$< %0(/)'##3<. N+7! 
5'105'1$6#' 5+70.* ?'7'6! 7$#'5!6#+= +@1$5!?'-!= 5'M )$,.37: 
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N/1 @!7!#10,('.*#' :/#%-!3 L(%%%), 10(5!#'.*#' :/#%-!3 4(%%) 1' )0%1+(-:/#%-!3 
f(%%%) #0@0(0()#+ 7$:0(0#-!;+)'#! ?' )"!5' '(,/50#1'5$. 

B.3 (+?)’3?'##3 ?'7'6! (1) )$%+($"1+)/81* '@'('1 7$#'5!6#+,+ @(+,('5/-

)'##3 'J+ @($#-$@ 5'%"$5/5/ P+#1(3,!#'. P(+10 6$"0.*#' (0'.!?'-!3 %.'"$6#$< 

'.,+($15!) 6'"1+ @($?)+7$1* 7+ @(+J.05, @+)‘3?'#$< ?! "1!;%!"18 (+?)’3?%!) ! 
+J‘M5+5 @'5‘31! %+5@‘810(' [1], ' '#'.!1$6#! 501+7$ 6'"1+ )!7(!?#381*"3 
"%.'7#!"18 5'105'1$6#+,+ '@'('1/ [2].0 

F%(!5 1+,+, @($ (+?)’3?'##! @('%1$6#$< ?'7'6, +"+J.$)+ 7.3 ".'J+ :+(5'.!-
?+)'#$< 7$#'5!6#$< "$"105 [3, 4], :/#%-!+#'.*#! :+(5$ L(%%%), 4(%%) ! f(%%%) #0 
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"@0-$:!%+)'#!, ' @'('501($, )!7 3%$< )+#$ ?'.0E'1*, #0)!7+5!. A )$@'7%/ "1'-!+-

#'(#+= 5+70.! (1) "@0-$:!%'-!8 1' !70#1$:!%'-!8 5+E#' @(+)+7$1$ #' J'?+)+5/ 

@0(!+7! [30, 31], K+ @0(07/M @0(!+7/ +@1$5!?'-!= (31 " 3!). 

970#1$:!%'-!3 7$:0(0#-!'.*#+-'.,0J('=6#$< (!)#3#* ?7!;"#8M1*"3 ) ('5%'< 

(!?#$< "1'1$"1$6#$< 501+7!): (!?#$-0)$<, !#10,('.*#$<, #0.!#!;#$< (0,(0"!;#$<, 

%+.+%'-!;#$<, 1+K+ [5]. F7#'% @(+J.05' !70#1$:!%'-!= 7$:0(0#-!'.*#+-

'.,0J('=6#$< (!)#3#*, K+ )<+731* / "%.'7 5+70.! +@1$5'.*#+,+ %0(/)'##3, 
5';E0 #0 )$)60#' (+"+J.$)+ 7.3 ".'J+ :+(5'.!?+)'#$< "$"105) [3, 4], ' +1E0, 
@+1(0J/M +"+J.$)+= /)',$. 

 

2. %&!"'(&)*' +','-. 

Q% @+%'?/M @('%1$%' [1], J','1+ +J’M%1!) %0(/)'##3 7+"$1* 1+6#+ +@$"/M1*"3 
.!#!;#$5$ 7$#'5!6#$5$ 5+70.35$. R.3<+5 ('-!+#'.*#+,+ )$J+(/ %)'7('1$6#$< 

%($10(!=) 3%+"1! 6'"1+ )7'M1*"3 ?#';1$ 0:0%1$)#! +@1$5'.*#! %0(/)'##3. N+5/ 

7'#' (+J+1' @($")360#' @+J/7+)! "1'-!+#'(#$< .!#!;#+-%)'7('1$6#$< (LQ) 

5+70.0; +@1$5'.*#+,+ %0(/)'##3. 
G0<'; ) N+1 -!.+6$"0.*#$< 1+6%'< @(+5!E%/ [30, 3!] #'3)#' "1'1$"1$6#' 

!#:+(5'-!3 {x3} @(+ 7$#'5!%/ :'?+)+,+ )0%1+(' x 1' {Y3} @(+ 7$#'5!%/ 703%+= 
"%'.3(#+= :/#%-!= Y(t), 3%' @0)#$5 6$#+5 ?)’3?'#' ? %)'7('1$6#+8 :/#%-!M8 

3%+"1! G = G(x, u). L(+J$)S$ ?'5!#/ t = 3 – 3!, !70#1$:!%'-!8 5+70.! 5+E#' 
@(+)+7$1$ #' @(+5!E%/ [–N, 0], ' +@1$5!?'-!8 – #' [0, tk], tk = 3k – 3!. 21'-!+#'(#/ 

LQ-5+70.* +@1$5'.*#+,+ %0(/)'##3 J/705+ ?'@$"/)'1$ / )$,.37!: 
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70 A – 7+)!.*#' 5'1($-3, B – "$501($6#' #0)$(+7E0#' 5'1($-3, a0 – #0)!7+5$; 

)0%1+(-"1+)@0-*. 
F1E0, @(+J.05' @+J/7+)$ 5+70.! (2), (3) +@1$5'.*#+,+ %0(/)'##3 )%.86'M ) 

"0J0 1'%! ?'7'6!: 
') "@0-$:!%'-!3 %)'7('1$6#+= :/#%-!= 3%+"1! G = G(x, u); 

J) !70#1$:!%'-!3 (!)#3##3 (/</ ! :/#%-!= G(%%) 1'%, K+J: 

- (!)#+"1! x(t) ( xt, G(t) ( Gt )$%+#/)'.$"* ? )$"+%+8 1+6#!"18 #' [–N, 0]; 

- ?5!##! x(t), u(t), G(t) J/.$ #0@0(0()#! ) 1+6-! t = 0; 

- 5+70.* J/.' #06/1.$)+8 7+ #0?#'6#$< ?5!# )<!7#+= !#:+(5'-!=; 
- 7+"1'1#! /5+)$ 0%"1(05/5/ :/#%-!+#'./  J  J/.$ )$%+#'#!; 

)) @(+)070##3 "@0-$:!%'-!= 1' !70#1$:!%'-!= 5+70.! (2), (3) 1'%, K+J )+#$ 

?'J0?@06/)'.$ 0:0%1$)#/ "<05/ %+5@’810(#+= (0'.!?'-!=. 
A 7'#!; (+J+1! (+?,.3#/1+ )$@'7+% (+?5!(#+"10; m = 3 ! r = 3. Q% @+%'?/M 

@('%1$%' [6], 1($)$5!(#+,+ :'?+)+,+ @(+"1+(/ )$3).3M1*"3 7+"1'1#*+ 7.3 
)!7+J('E0##3 ) 5+70.! ).'"1$)+"10; (0'.*#$< 7$#'5!6#$< "$"105. 

 

3. /0"&, 1&+)’2+'((2 

A 7'#+5/ 7+".!7E0##! ?'@(+@+#+)'#$; #'"1/@#$; @!7<!7 7+ !70#1$:!%'-!= 
5+70.! (2), (3). 2@+6'1%/ 501+7'5$ %+.+%'-!= #' @(+5!E%/ [–N, –1] ? )$"+%+8 

1+6#!"18 +-!#8M1*"3 70%+5@+?$-!3 1('M%1+(!= (/</ x(t), ?)!7%$ )!7#+).8M1*"3 
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+7#+(!7#' (5'1($-3 5) 1' #0+7#+(!7#' (z ) Bu+a0) 6'"1$#$ (!)#3##3 (3). 

T('#$6#0 ?#'60##3 x! 5+E#' (+?,.37'1$ 3% @(+,#+?#0 7.3 70%+5@+?$-!= x(t) ) 
5+50#1 6'"/ t = 0. Q%K+ "1'1$"1$6#! 7'#! 7.3 %0(/)'##3 u(t) #0)!7+5!, 1+ 

5'1($-3 B ! )0%1+( a0 5+70.! )"0 K0 ?'.$S'1*"3 #0)!7+5$5$. U< +-!#%$ 

@(+@+#/M1*"3 +1($5'1$ ? !70#1$:!%'-!= @!7!#10,('.*#+= :/#%-!= 3%+"1! G, 7.3 
6+,+ +"1'##3 @+)$##' J/1$ "@0-$:!%+)'#' #'.0E#$5 6$#+5. 

 

3.1. 34.(5)'((2 ,0*&6$&+74.8 "1'9*"&1.8 :'+&)7; *&&1,7('" 

2/1* %+.+%'-!;#$< 501+7!), K+ )$%+($"1+)/81*"3 7.3 !70#1$:!%'-!= 
7$:0(0#-!'.*#$< (!)#3#* #' J'?+)+5/ @0(!+7!, @+.3,'M / (+?%.'7'##! :'?+)+= 
1('M%1+(!= ?' J'?$"#$5$ :/#%-!35$ [5]. G0<'; #' )<!7 7$#'5!6#+= "$"105$ 

@+7'M1*"3 ,'(5+#!;#$; "$,#'. z(t) = k0 +k1cos* t +k2sin* t. C(!5 1+,+, J/705+ 

))'E'1$, K+ 70%+5@+?$-!3 5!"1$1* .!#!;#$; 1(0#7. N+7!, +60)$7#+, (+?)’3?+% 
(!)#3##3 (3) @($;5'M )$,.37: 

 t6t6t7t7tt sincossincos)( ++,+-- #####$ nnmmmnx . (4) 

A ?','.*#+5/ )$@'7%/ 7.3 6'"1+1$ 7 ).'"#$< %+.$)'#* ! 6'"1+1$ 6 ?J/(8-

86$< %+.$)'#* 5+E/1* )$%+#/)'1$"3 #'"1/@#! /5+)$: 7 > 6, 7 < 6 ! 7 = 6. 

F"1'##!; )$@'7+% M +"+J.$)$5 (0:0%1 (0?+#'#"/, K+ @($1'5'##$;, #'@($%.'7, 

,'5!.*1+#+)$5 "$"105'5). B+ 1+,+ E, @($ 7 = 6 :/#%-!+#'.*#' :+(5' 5+70.! (4) 

?'?#'M "1(/%1/(#$< ?5!# ! (+?)’3?+% (4) #'J/)'M )$,.37/: 

 t7t7t7tt7ttt sincossincos)( ++,+-- #####$ ppqqqpx , (5) 

K+ 5+E#' !#10(@(01/)'1$ 3% (+?%.'7 1('M%1+(!= (/</ #' 1(0#7+)/, "0?+##/ 

(%+.$)'##3 ?! ?5!##+8 '5@.!1/7+8) 1' @0(!+7$6#/ (%+.$)'##3 ?! "1'.+8 

'5@.!1/7+8) "%.'7+)! [7]. F"%!.*%$ 7.3 (0'.*#$< 7$#'5!6#$< "$"105 /5+)' 7 = 6 

M 5'.+;5+)!(#+8, / (+J+1! (+?,.37'M1*"3 )$@'7+% 7 V 6. 

P($ %+E#+5/ ?'7'#+5/ ?#'60##! 6'"1+1 7 ! 6 #0)!7+5! %+0:!-!M#1$ ) (4) 

5+E#' +-!#$1$ ?' 7+@+5+,+8 501+7/ #';50#S$< %)'7('1!) (4GC) 7.3 .!#!;#$< 

(0,(0"!; [8]. P($ -*+5/ +@1$5'.*#! 6'"1+1$ 7 ! 6 1(0J' S/%'1$ ) 1'%$< +J.'"13<, 

70 )$%+#/M1*"3 #'"1/@#$; 5/.*1$%($10(!; !? ?'7'#$5$ @(!+($101'5$: 

%+0:!-!M#1$ 7010(5!#'-!= Ri
2 5'%"$5'.*#!, :'%1$6#! )!7#+"#! @+5$.%$ .i 

@(+,#+?!) xi(0) 5!#!5'.*#!, !#70%"$ +J/5+).0#+"1! CIi #+(5+)'#$< !#:+(5'-!;#$< 

5'1($-* 4GC 5!#!5'.*#!. F"1'##!; @+%'?#$% 6'"1+ )$%+($"1+)/M1*"3 / 

"1'1$"1$-! 7.3 '#'.!?/ 6/1.$)+"1! 4GC-+-!#+% 7+ #0?#'6#$< %+.$)'#* )<!7#+= 
!#:+(5'-!= [9]. G'.'S1/)'##3 5+70.! #' ?'7'#$; #'J!( ).'"1$)+"10; J/705+ 

?7!;"#8)'1$ ?' 7+@+5+,+8 5/.*1$%($10(!'.*#+,+ (0,/.31+(', 3%$; 7!M ?' 
@($#-$@+5 +J0(#0#+,+ ?)’3?%/ [10]. 

A 7'#+5/ )$@'7%/ (0,/.31+( 5+E#' !#10(@(01/)'1$ 3% :!.*1(, 3%$; )!7"!8M 
"1+(+##! ?#'60##3 @'('501(!) %0(/)'##3 7, 6 ! #'.'S1+)/M 5+70.* #' +@1$-

5'.*#0 :/#%-!+#/)'##3, K+ )!7@+)!7'M (0'.*#+5/ 7$#'5!6#+5/ @(+-0"/. 

W0,/.31+( )@.$)'M #' 7$#'5!6#/ 5+70.* !, #')@'%$, +"1'##3 %0(/M (+J+1+8 

(0,/.31+('. A -!; 7)+"1+(+##!; )?'M5+7!= 7$#'5!6#+= 5+70.! ! (0,/.31+(' ?' 
7+@+5+,+8 +J0(#0#+,+ ?)’3?%/ )!7J/)'M1*"3 %0(/)'##3 0#0(,01$6#$5 J'.'#"+5 

"$"105$ [10]. 

  +@1$5'.*#+5/ (0E$5! (!)#3##3 J'.'#"/ 5+E#' ?'@$"'1$ / )$,.37! [2]: 

 cH $),( ux , (6) 

70 H(··) – :/#%-!3 T'5!.*1+#'; c – "1'.', ?'?7'.0,!7* #0)!7+5'. 
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N'%$5 6$#+5, (+J+1' (0,/.31+(' @+.3,'M / )$J+(! 1'%$< ?#'60#* @'('501(!) 
%0(/)'##3, 3%! #'.'S1+)/81* 7$#'5!6#/ 5+70.* #' ?#'60##3 %+#"1'#1$ c, K+ 

)!7@+)!7'M 7'#+5/ @(+-0"/. P($ @0(0<+7! )!7 +7#+,+ @(+-0"/ 7+ !#S+,+ 0#0(,0-
1$6#$; ?5!"1 .!)+= 6'"1$#$ (6) #0 ?5!#8M1*"3, ' ?5!#8M1*"3 .$S0 ?#'60##3 c. 

A 5'1($6#+5/ )$,.37! 5+70.* (+?%.'7/ (4) 1' ;+,+ @+<!7#+= 5+E/1* J/1$ 

@+7'#! #'"1/@#$5 6$#+5: 

 x = N f +Mg, x  = (NJ6+MJ0)f + MJ7g, (7) 

N = [n1, n2, n3],  M = [m1, m2, m3],  / 01-$ t6t6 sin,cos,f , / 01$ t7t7t sin,cos,g ,  
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L !#S+,+ J+%/, )('<+)/86$ (3), zgfx ##$ AMAN . X3 (!)#!"1* #0 J/70 

"/@0(06$1$ (7), 3%K+ @+%.'"1$, #'@($%.'7, 

 -8$ MMJA 7 , fz )-( ANMJNJ 6 '#$ . (8) 

G0)'E%+ @+5!1$1$, K+ / -*+5/ )$@'7%/ #0+7#+(!7#' 6'"1$#' z ?'7+)+.*#3M 
+7#+(!7#/ ?'7'6/ C+S!: 
 zz R= , )()()( '8#$' ' fz ANMJNJ 6 , (9) 

-8
'' 8#8#$ )()( ANMJNJJANMJNJR 666 . 

X0 +?#'6'M, K+ %+.$ )<!7#$; "$,#'. z M (+?)’3?%+5 ?'7'6! C+S! (9), 1+ 5'1($-3 5 

"$"105$ 7$:0(0#-!'.*#$< (!)#3#* (3) )$?#'6'M1*"3 +7#+?#'6#+ ?' :+(5/.+8 (8). 

Q%K+ )<!7#$; "$,#'. z "@0-$:!%+)'#$;, 1+ %0(/)'##3 u(t), +60)$7#+, 

?'7+)+.*#3M #0+7#+(!7#/ ?'7'6/ C+S!: 

 )+(= 0<uu D , 0
1 )()( <zu 8'$' 8B ;   RBBD 18$ , '

8
' $ a<

1B . (10) 

N/1 5'1($-3 B ! )0%1+( a0 ?'.$S'81*"3 #0)!7+5$5$ ! 7.3 =< +-!#8)'##3 
#0+J<!7#' 7+7'1%+)' !#:+(5'-!3 @(+ 7$#'5!6#/ "$"105/. 

 

3.2. =$047:.*'4.2 $.,.("0>1'?@(&8 :#(*4.8 4.?@&)&>& :#(*4.&('?# 

L 5'1($6#+= '.,0J($ 1' :+(5/. (8), (10) )$@.$)'M, K+ ).'"#! 6$".' 5'1($-! 5 

7+(!)#881* 0, 9i7, ' 5'1($-! D – 0, 9i6. 

W+?,.3#05+ @0(!+7 +@1$5!?'-!= [0, tk]. L,!7#+ @($#-$@/ 5'%"$5/5/ 

P+#1(3,!#' [1] 7.3 ?'7'6! (2), (3), ,'5!.*1+#!'# H(x, u, y) = G(x, u) + yA x , ' 
#0+J<!7#! /5+)$ 0%"1(05/5/ :/#%-!+#'.' (2) 5'81* )$,.37: 
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  (11) 

Q%K+ G(x, u) = g0+<0YAx – ½ uYBu (g0 – %+#"1'#1' !#10,(/)'##3), 1+, +60)$7#+, 

y = u. N+7! 7$#'5!%' +@1$5'.*#+,+ %0(/)'##3 ?'7'M1*"3 ?'7'608 C+S! 
 )( '#18$ <uu A , 0=)( ktu . (12) 
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F1E0, #' )!75!#/ )!7 (!)#3##3 (10) 7.3 %0(/)'#* #' J'?+)+5/ @0(!+7!, ) 
+@1$5'.*#+5/ (0E$5! D = –AY. 
L 501+8 !70#1$:!%'-!= #0)!7+5$< @'('501(!) B ! ?0 @(+7+)E$5+ :/#%-!8 G ? 

@0(!+7/ +@1$5!?'-!= [0, tk] #0@0(0()#+ #' J'?+)$; @0(!+7 [–N, 0].   %++(7$#'1'< 

(x, z) +1($5/M5+ (u = B–1
z–?0, b0 – "1'.' )0.$6$#', ?'?7'.0,!7* #0)!7+5'): 

 zzx<zx KbG 181#$ ''
2

1
),(  , -8) BK . (13) 

B.3 !70#1$:!%'-!= 5+70.! (13) ?'.$S'M1*"3 @($7'1$ :!?$6#$; ?5!"1 
)0.$6$#! G. F"%!.*%$ :/#%-!3 H, ?,!7#+ (6), 5'M ?5!"1 0#0(,!=, 1+ ! G 5'M 
(+?5!(#!"1* 0#0(,!=. L' @+"1'#+)%+8 ?'7'6! ?'.$S$.$"3 #0 "@0-$:!%+)'#$5$ 

%0(/)'##3 u(t) ! :/#%-!3 Y(t). Z+,!6#+ @($@/"1$1$, K+ =< (+?5!(#!"1* "@!)@'7'M ? 
(+?5!(#!"18 :'?+)$< %++(7$#'1 x. >#'.!?/86$ (+?5!(#+"1! @(')$< 6'"1$# 

(!)#3#* (12), (13), #0)'E%+ @+5!1$1$, K+ (+?5!(#!"1* G 7+(!)#8M )!7#+S0##8 

%)'7('1/ (+?5!(#+"10; :'?+)$< %++(7$#'1 7+ 6'"/. N+7! )0.$6$#/ G 5+E#' 
@+7'1$, #'@($%.'7, / )$,.37! YnYG  $ , 70 n – 703%$; J0?(+?5!(#$; %+0:!-!M#1, ?' 
7+@+5+,+8 3%+,+ 5+E#' (0,/.8)'1$ 5'"S1'J %0(/)'##3 u(t). L'/)'E$5+, K+  

@ A @ A @ Azxzxzxzxzxxzz KAKRK
dt

d
KAKKAK 1#181
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$1181
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-

$1181
+
-
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2

1

2

1

2

1
  , 

70, ?,!7#+ (10), ) +@1$5'.*#+5/ (0E$5! (D = –AY) +"1'##!; 7+7'#+% 1+1+E#+ 

7+(!)#8M #/.8. P!".3 !#10,(/)'##3 )$('?/ (13) @($<+7$5+ 7+ #'"1/@#+,+ 

(0?/.*1'1/: 

 zxx< KtbcYnF 181##$
+
-

'''
+

2

1
" . (14) 

F1E0, ?'7'6' C+S! 7.3 :/#%-!= 3%+"1! F #'J/)'M )$,.37/: 

 

:
:
;

::
<

=

'$'181#

'B$'1#18181#
$

''

''

.,)(,
2

1

,,)(,)(
2

1

2

1

*

*

tFFK8

tFFDAKKb

F

zzx<

xzzzx<

 

 

  (15) 

N/1 "@+6'1%/ @(+)+7$1*"3 !70#1$:!%'-!3 #' J'?+)+5/ @0(!+7! (D V –AY), @!".3 
6+,+ ? /5+)$ #0@0(0()#+= 7$:0(0#-!;+)'#+"1! :/#%-!= F +J6$".8M1*"3 ?#'60##3 
80 ?' :+(5/.+8 

'8$
'' 1#18$

t

DAKb8 xz )(
2

1
. 

 

3.3. B&+)’2+'((2 LQ-+','-. &$"76'?@(&>& *01#)'((2 

 ('<+)/86$ :!?$6#$; ?5!"1 @!7!#10,('.*#+= :/#%-!= 3%+"1! G(x, z), .+,!6#+ 

@0(0;1$ )!7 5+70.! +@1$5'.*#+,+ %0(/)'##3 (2) ) :+(5! Z',('#E' 7+ 5+70.! 
+@1$5'.*#+,+ %0(/)'##3 ) :+(5! 4';M(' [2]: 

 )(max
)}({

k
t

tFJ $
u

, (16) 

:;

:
<

=

$'181#$

$'#$

'' .)(,
2

1

,)(,

*

*

FFK8F

A

zzx<

xxzxx
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 $%+#'##3 #0+J<!7#$< /5+) 0%"1(05/5/ -!.*+)+,+ :/#%-!+#'./ J ?' 
@($#-$@+5 5'%"$5/5/ P+#1(3,!#' 7'M: 

FyyH   CC #1$ xyyzx ),,,( , ),,( 1$ ,+- yyyy , 

 

:
:
:
:
:

;

::
:
:
:

<

=

$8#$
1>

>

$$
>
>

8$

$#18$
1>

>
8$

$#$
1>

>
$

.0)(

,1)(,0

,0)(),(

,)0(,

04

44

04

0

z<y
z

y<y
x

y

xxzx
y

x

Ky
H

ty
F

H
y

tyA
H

A
H

k

k

 

 

 

  (17) 

L)!7"$ ?#'<+7$5+, K+ y4 = 1, y = Kz –<0, ' ?#'6$1*, y = u. F1E0, 3% ! +6!%/)'.+"3, 
+@1$5'.*#0 %0(/)'##3 u

*(t) 7!;"#+ ?'7+)+.*#3M ?'7'6/ C+S! (12). W+?)’3?/86$ 

7)+1+6%+)/ ?'7'6/ (17), +1($5/M5+ (I – +7$#$6#' 5'1($-3) 

 '
818 8$ <u )()(

)(* Iet kttA
, (18) 

 & 81888#$
t

tAtAAt deKeet k

0

0
)(1)(

*
* )( DDD

<xx . (19) 

A 7'#!; (+J+1! %0(/)'##3 #' 7+".!7E/)'#+5/ @0(!+7! [–N, tk] @+)$##! J/1$ 

#0@0(0()#$5$ ) 1+6-! t = 0, 1+J1+ u*(0) = u(0), 70 u(0) +J6$".8M1*"3 #' J'?+)+5/ 

@0(!+7!. L,!7#+ (18), +1($5/M5+ u
*(0) = ( ktA

e
1

 – I) <0, z
*(0) = K–1 ktA

e
1
<0. 

 ('<+)/86$ ?#'60##3 z(0) #' J'?+)+5/ @0(!+7! (9), 7.3 )$%+#'##3 (!)#+"1! 
u

*(0) = u(0) #0+J<!7#+ ! 7+"1'1#*+ ?)’3?'1$ #0)!7+5! @'('501($ K ! <0 /5+)+8 

 )('$ 18
' z< Ke ktA

. (20) 

X0 +?#'6'M, K+ !70#1$:!%'-!8 :/#%-!= F (14) #' J'?+)+5/ @0(!+7! #0+J<!7#+ 

@(+)+7$1$ ? 7+7'1%+)+8 /5+)+8 (20), 1+J1+ ".!7 @+%.'"1$ 

 zxzx KKetbcF ktA 1
+
-

8'1##$ 18
'' )( ,   t < 0. (21) 

 $('? (21) ?(/6#$; 7.3 !70#1$:!%'-!=, +"%!.*%$ )!# )$('E0#$; .$S0 60(0? )!7+5! 
)0.$6$#$ x ! z. [+,+ !70#1$:!%'-!3 @+)$##' @(+)+7$1$"* ('?+5 !? 70%+5@+-

?$-!M8 (4) ! 1'%+E M 5/.*1$%($10(!'.*#+8. Q% ! 7.3 (4), %+0:!-!M#1 7010(-

5!#'-!= R2 (0,(0"!;#+= 5+70.!, K+ )!7@+)!7'M (21), +J$('M1*"3 3%+5+,' J!.*S$5, ' 
:'%1$6#' )!7#+"#' @+5$.%' . @(+,#+?/ F(0) 1' !#70%" +J/5+).0#+"1! CI #+(5+-

)'#+= !#:+(5'-!;#+= 5'1($-! 4GC – 3%+5+,' 50#S$5$. N'%+E @+)$##' )$%+#/-

)'1$"* /5+)' K > 0 (7+"1'1#3 /5+)' 0%"1(05/5/ -!.*+)+,+ :/#%-!+#'./ [2]). 

F1E0, @!".3 "/5!"#+= !70#1$:!%'-!= 5+70.! (4), (21) #' J'?+)+5/ @0(!+7! ?'7'6' 
+@1$5'.*#+,+ %0(/)'##3 "1'M @+)#!"18 )$?#'60#+8 ! == (+?)’3?%$ 5+E/1* J/1$ 

?#';70#! ?' :+(5/.'5$ (18), (19). 

 

4. C7!0?@(7D 0*!$01760(" 

P($%.'7+5 ".'J+ :+(5'.!?+)'#$< 7$#'5!6#$< "$"105 M 5'%(+0%+#+5!6#! 
"$"105$. C0(/)'##3 1'%$5$ "$"105'5$ )!7J/)'M1*"3 ?' 7+@+5+,+8 "@0-!'.*#$< 

!#"1(/50#1!) (:!"%'.*#', 5+#01'(#' @+.!1$%', 1+K+). F7#'% 5+70.! 5'%(+0%+#+-
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5!6#$< "$"105 ?'?)$6'; M J!.*S '70%)'1#$5$ @($ 7+"$1* )$"+%!; ',(0,'-!= 
)0.$6$#, K+ )<+731* / #$< [9]. 2'50 1+5/ !#:+(5'-!3 ?' %0(/)'##35 u(t) 7.3 
1'%$< "$"105 5+E0 J/1$ )!7"/1#*+8. 

B.3 '@(+J'-!= 5+70.0; (+?,.3#/1+ 5'%(+0%+#+5!%/ G!70(.'#7!). A 3%+"1! x 

+J('#+ %.86+)! 5'%(+0%+#+5!6#! )0.$6$#$: )'.+)$; @($(!"1 +"#+)#$< :+#7!) 
(x1), 0%"@+(1 1+)'(!) ! @+"./, (92), :+#7 ?'(+J!1#+= @.'1#! (93).  0.$6$#' Y @+7'#' 
)'.+)$5 )#/1(!S#!5 @(+7/%1+5 (  P). L' -$5$ )0.$6$#'5$ ":+(5+)'#! (37$ 

7$#'5!%$ +J’M5/ N = 31 (1971-2001 ((.) [11].  "! 7'#! #+(5+)'#! 7!.0##35 #' 
?#'60##3 ) 1971 (. P($ 5'%(+0%+#+5!6#+5/ 5+70.8)'##! 6'"1+ (+?,.37'81* 
@’31$(!6#$; ,+($?+#1 @.'#/)'##3. N+7! ?'7'6' (14) 5+E0 J/1$ ":+(5/.*+)'#' 
#'"1/@#$5 6$#+5: #0+J<!7#+ ?#';1$ 1'%! +@1$5'.*#! 1('M%1+(!= 5'%(+-

0%+#+5!6#$< )0.$6$# x1, x2, x3, K+J   P "$"105$ ) 2006 (. J/) 5'%"$5'.*#$5. 

C+5@’810(#' (0'.!?'-!3 (+J+1$ 5/.*1$%($10(!'.*#+,+ (0,/.31+(' ?' 
@($#-$@+5 +J0(#0#+,+ ?)’3?%/ 7+?)+.$.' @(+)0"1$ !70#1$:!%'-!8 5+70.0; (4), 

(19) @($ t   [–31, 0]. C0(/86! @'('501($, K+ 7+?)+.$.$ #'.'S1/)'1$ 5+70.* #' 
?'7'#$; #'J!( ).'"1$)+"10;, @($;5'81* ?#'60##3 7*

 = 0.2055, 6*
 = 0.3052, 1+J1+ 

6'"1+1' "$"105$ 7* )$3)$.'"3 50#S+8 ?' 6'"1+1/ 6* ?+)#!S#*+,+ "$,#'./. 

B0%+5@+?$-!3 (4) @!".3 @(+-07/($ (':!#/)'##3 ()!7%$7'##3 #0?#'6/K$< 

%+0:!-!M#1!) 5+70.!) @($ 5%-5/ (!)#! ?#'6/K+"1! @($;5'M )$,.37: 

 

,sin.sin.cos...)( *

).(

*

).(

*

).().().()".@.(

t6t7t7ttx
--EC'-'+F'--GE-''EG'-C++'

- ,-+,'#++H''#HF,,'#+G-E'#ECFHI$

,sin.sin.cos...)( *

).(

*

).(

*

).().().()".@.(

t6t7t7ttx
--C-'-'+E'--,+'''G-'-C'-'

+ 'EEF-#'G-I-#F,-,-#G-HI'#HC,C-C$

.sin.cos...)( *

).(

*

).().().()".@.(

t7t7ttx
-++G''H+I'''CG'-,EI'

, C'FC'#,,F+'#+FF,'#,IHHF$  

 

N/1 / 7/E%'< #')070#! "1'#7'(1#! @+5$.%$ )!7@+)!7#$< 4GC-+-!#+% [8]. 

 

Q% )$7#+ ? N'J.. 1 1' W$". 1'-1) 70%+5@+?$-!3 (4) !70#1$:!%+)'#' '70%)'1#+ ! 
5+E0 J/1$ ?'"1+"+)'#' 7.3 )!7#+).0##3 @'('501(!) 7$#'5!6#+= 5+70.!. N+7! ?' 
:+(5/.'5$ (8), (9) 5+E#' )!7#+)$1$ 5'1($-8 5 (!)#3##3 (/</ (3) :'?+)+,+ 

)0%1+(' x(t) 1' 5'1($-8 R (!)#3##3 (/</ (9) )<!7#+,+ "$,#'./ z(t): 

 

2
2
2

3

4

5
5
5

6

7

+,E-'8-'-G'8C'F+'

F++,'8CGC-'8'+IE+

+IFE'8-IG,'8HF++'

$

...

...

...

A , 

2
2
2

3

4

5
5
5

6

7

,EHH'G'HF',I-C'8

IF-C'+I+F-EE+FC8

+-II',G,'',--H-8

$

...

...

...

R . 

 

4'.! :'%1$6#! (/ @+(!)#3##! ? (0'.*#$5$ 7'#$5$ [11]) 1' "0(07#*+%)'7('1$6#! 
(+J6$".0#! ?' 7+)!(6$5$ !#10()'.'5$ [8]) @+5$.%$ @(+,#+?!) ) 1+6-! t = 0 

7+?)+.381* )$%+($"1+)/)'1$ =< 7.3 +1($5'##3 ,('#$6#$< ?#'60#*: 

[ ]#7158.9,5747.16,5429.8=*x , [ ]#2207.0,2292.0,1042.0=)0(z . 
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:,;<.1. ="/0,>/'./, ?*@A.@B./ 0, *@;,#0./ -<,#0&-@#0/ "@()<)' (4), (21) 

 C+0:!-!M#1 
7010(5!'-!= R2 

H'%1. @+5$.%' 

. @(+,#+?/ 

20(.%)'7(. @+5$.%' 
\ @(+,#+?/ 

9#70%" 
+J/5+).0#+"1! CI 

x1 0.9955 0.5986% 4.8337% 36.489 

x2 0.9930 1.6079% 5.7667% 34.925 

x3 0.9967 2.0125% 3.4250% 31.542 

F 0.9831 1.2124% 5.0541% 128.56 

 

 
,) 91(t) ;) 92(t) 

 
-) 93(t) A) Y(t) 

C&#.1. C),<$./ (0@D%&), "@()<$./ (.)?)*)*-./ </./2) 0, @?0&",<$./ (?!.%0&*./ </./2) 

0*,E%0@*/2 *!9! (&.,"/D.@2 #&#0)"& 

 

G0<'; 5'"S1'J %0(/)'##3 u(t) #' J'?+)+5/ @0(!+7! )$?#'6'M1*"3 /5+)+8 

ltxtu ii ")()(max  (i = 1, 2, 3), 70 l +J0(05+, #'@($%.'7, #' (!)#! 0.05. N+7! 

+@1$5'.*#0 ?#'60##3 @'('501(/ 5'"S1'J/ (14) n = 0.01, ' !70#1$:!%'-!3 -!.*+)+= 
:/#%-!= F @($)+7$1* 7+ #'"1/@#$< (0?/.*1'1!) (K = [k] – 7!',+#'.*#' 5'1($-3): 
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zkxzkx ][)(][.-. -

).().()".+.(
1

+
-

8'1#'-','CFEH'$ 1

''G+'-EGC'
ktAetF ,   

#
.,.,.

).().().( 23
4

56
7 H-GE'G-GH'I+'++$

-,I'''EF,'G-+,'
k . 

F"%!.*%$ %+#"1'#1' 7$:0(0#-!'.*#+,+ (!)#3##3 (3) a0 = K
–1
<0, 70 <0 )$?#'6'M1*"3 

:+(5/.+8 (20), 1+ a0=[0.0790, 0.1933, 0.2624] 4+70.* (21) M '70%)'1#+8, K+ 

@!71)0(7E/M1*"3 (0?/.*1'1'5$, #')070#$5$ ) N'J.. 1 1' #' W$". 1,. 
F1E0, LQ-?'7'6' (16) @+)#!"18 !70#1$:!%+)'#'. F@1$5'.*#0 %0(/)'##3 u

*(t) 

5+E0 J/1$ ?#';70#+ ?' :+(5/.+8 (18): 

 

t7t7tu *** sin0.0592-cos..)( ',I-'#',-G'$- , 

t7t7tu *** sin0.0214cos.-.-)( #'''H''-E''$+ , 

t7t7tu *** sin0.0129cos.-.)( #',','''CH'$, . 

 

 !"#$%&'()*+ ,-. /01&’(102 3 40/53'3 (19), 0$/+5%650 07$+5%'89+. 1%209 /3:3 

4%10&0;0 &-2$0/% x*(t): 

x
*(t) = (P+Qt)h, 

 
 
 

!

"

#
#
#

$

%

&'()*'')+*,(,-(

+,'-',(&)'*./.),

&(''*(/-**++((.

0

...

...

...

P , 

 
 
 

!

"

#
#
#

$

%

*,-&**).+*'-&&*

),*,*)-,'*,*/+*

*-..**+''*)(()*

0

...

...

...

Q , 

 
 
 

!

"

#
#
#

$

% )

0

t 

t 

*

*

sin

cosh . 

 

<2 ! 0*!23&%'0#(, .0;0 #$/32$3/% #7!&7%"%6 1 "-205701+,!6) (5). 

=% /+#. 1 7392$+/90) '!9!6) 702%1%9! 07$+5%'89! $/%62$0/!> x
*(t) ! Y 

*(t) 9% 

7-/!0"! [0, 5]. ?+"90, @0 20'+ /0170"!' /-#3/#!& 9%A'+B%6$8#( "0 07$+5%'890;0, 

$0 0*-&+"9+5 6 #3$$6&- 1A!'8C-99( -20905!*90;0 -4-2$3 &!" >: &+20/+#$%99(. 

 

5.  !"#$%&! 

D "%9!. /0A0$! 1%7/07090&%9+. 7!":!" "0 !"-9$+4!2%,!> #$%,!09%/9+: LQ-

50"-'-. 07$+5%'890;0 2-/3&%99( 3 $/+&+5!/9053 4%10&053 7/0#$0/!. 

E/+$-/!(5+ !"-9$+4!2%,!> 0A/%9! &+#02! !5!$%,!.9!, 7/0;9019! $% /0A%#$9! 

&'%#$+&0#$! 50"-'!. F%,!09%'89% #7-,+4!2%,!( LQ-1%"%*! "01&0'+'% 19%.$+ 

07$+5%'89! /01&’(12+ & (&9053 &+;'("! $% 39+293$+ $/3"90@!& *+#-'890> 

/-%'!1%,!>. G7/0A%,!( 1%7/07090&%90;0 7!":0"3 7/0&-"-9% 9% /-%'89+: 

#$%$+#$+*9+: "%9+: ! 7/0"-509#$/3&%'% .0;0 %"-2&%$9!#$8 ! -4-2$+&9!#$8 

&+20/+#$%99( "'( 70#$%90&2+ ! /01&’(1%99( 1%"%* 07$+5%'890;0 2-/3&%99(. 
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