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On solution to integral equations with a logarithmic singularity
of the kernel on several intervals of integration: elements of the
spectral theory
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We consider the semi-inversion of meromorphic integral operator-valued functions
defined on one or several intervals of integration. We perform approximate semi-
inversion of the operator principal parts and obtain small-parameter expansions of the
inverse operators. We show how the developed techniques can be applied to
approximate determination of characteristic numbers and solution to boundary value
problems for the Helmholtz equation that are reduced to boundary Fredholm integral
equations and systems of integral equations of the first kind with a logarithmic
singularity of the kernel. The results are applied to the analysis of oscillations in
cylindrical slotted resonators.
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PosrsimaeTscs HamiBOOGpHEHHS MEpOMOP(HUX IHTErpaJbHUX OHepaTop-(QYHKIIH,
3aJaHUX Ha OJHOMY abo0 IEKiJbKOX IHTepBajaXx IHTErpyBaHHSI. MM BHKOHYEMO
HaOJIIDKeHe HalliBOOEPHEHHS TOJIOBHOI YacTHHH OIEpaTtopy i OTPHUMYEMO PO3KJIA
3BOPOTHOTO OIlepaTopa 3a MalkuM IIapaMeTpoM. MU IIOKaXXeMO, SKHUM YHHOM
po3poOyieHHii MeToa Moke OyTH 3aCTOCOBaHMH 1O HAOMIKEHOTO BU3HAYCHHS
XapaKTePUCTUYHUX YHCEIN 1 PIillleHHs PIiBHAHHA ['elbMrojblia LIISXOM 3BEICHHS JI0
TPaHMYHHUX IHTETPANbHUX piBHAHb @DpenrospMa i CHCTEM iHTErpajlibHUX DPIiBHAHB
Heporo poxy 3 Jorapudmidnoro ocoOuuBicTio B sapi. OTpuMaHi pe3yibTaTH
JOAAIOTHCS IO aHaJi3y KOJMBaHb B NIIHIPUYHHX IIUTMHHUX pe30HaTOpax.

Knwuosi cnosa: obopomue ananimuune nanigobepnenns, iHmezpatbHUil onepamop-QyHKyis,
XapakmepucmuyHi Yucia, WituHHI pe3oHamopu.

PaccmarpuBaercs  mosyoOpaiieHHe  MepoMOP(GHBIX  MHTErPaJbHBIX  OIEpaTop-
(GyHKLMH, 33laHHBIX HA OJAHOM WJIM HECKOJBKHX MHTEpPBANaX MHTErpUpOBaHHsA. MbI
BBINOJIHAECM NPHOIMKEHHOE TOyoOpalleHne IIIaBHONH YacTH onepaTopa M HoJlydaeM
pasnoxeHue OOpaTHOTO oreparopa 10 MaJoOMy MapaMerpy. MBI MOKaXeM, KaKHM
o0pa3oM pa3pabOTaHHBI METOX MOXET OBITh MPUMEHEH K MNPUOIIKCHHOMY
OTIPEIENICHNIO XapaKTePUCTUUECKHX YHCENT M pEIICHUIO ypaBHEHHs [ empMroisna
IMyTEM CBEAEHHS K TPAaHUYHBIM HHTETPAIBHEIM ypaBHeHUsIM dpenronsma u cucreMam
MHTETPAIBHBIX YPaBHEHHH IIEPBOTO pojia C JOTapUPMUIECKOH 0COOEHHOCTBIO B Spe.
IlomyueHHbIe pe3yabTaTEl UCTIONB3YIOTCS [UIS aHAN3a KOJIeOaHUH B IIMIIHHIPUIECKAX
IeNIeBBIX PE30HATOPAX.

Kniouegvie cnoea: ananumuueckoe noryobpawenue, UHMePAIbHASL ONepamop-QyHKyus,
Xapakmepucmuieckue 4ucia, ujesiegvle pe3oHamopbl.

1. Introduction

We apply the theory of integral operator-valued functions (OVFs) [1] and the
methods of analytical semi-inversion [2—4] developing the method of approximate
semi-inversion [5-8] to the case of meromorphic integral OVFs with a logarithmic
singularity of the kernel defined on several intervals of integration. In fact,
approximate inversion can be used when the spectral parameter is sufficiently distant
from the singular points because, according to [1], there exists [5—8] a characteristic
number (CN) (i.e., the point, at which the invertibility of the OVF is violated) in a
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neighborhood of a pole of the integral OVF with a logarithmic singularity of the
kernel. We take into account the closeness to a simple first-order pole and modify the
inversion formulas for this case. We apply the developed techniques [7, 8] of
approximate semi-inversion to the analysis of eigenoscillations in cylindrical slotted
cavities with narrow slots.

2. Semi-inversion of integral operators
Consider the integral OVF with a logarithmic singularity of the kernel

K =aLo+ N(Ap= jallnﬁ+N(t0,t,/I)(p(t)dt, wel , (1)
o o~

where N (to,t,/l) is once continuously differentiable in /" x /" and a meromorphic

function of A, so that, in the vicinity of a pole A, of N(ty,t,1),

m,,

A, - A

(2.0 )0y, (0.0,)= [0, ()plt)dr , (2)

K(/ﬂt)(p = KV(;L)(/)"'

m,, is a constant, and ¢, is a given differentiable function. OVFs K(4) and K, (/”t)
are Fredholm integral OVFs with a logarithmic singularity of the kernel and may have
therefore not more than a finite number of CNs in every ball B, = {/1 : |/1| < r} and are

invertible at all (regular) points A that differ from CNs. For every » >0 there exists
[1] a sufficiently small w= w(r) such that B, contains only regular points A of the

OVF K (/1) (and K, (/1)). Approximate representation for the inverse operator

K;l(/l)f = Ll_lf—w2 lnle_lNVLl_lf+O(w4 In* w),
I =(a,b)=(d-w,d+w), 3)

L 11!
as a segment of asymptotic series in powers of small parameter f=|—In— is
Tw

obtained using the method of approximate semi-inversion developed in [1, 3—8]; here
Lip=aLe+ g((p,l)l, g= g(/l): %JrMO(/l): const (a # 0) ,
My(2)=N(d,d,2),
G apr=-rly —1”—2£1 P2 g M—Q(MO—“)W—zB(L‘If, )y
ar V4 T

(24 T a
+O(,B3).

We apply this result to determine CNs of K(/i) and show [8] (by the reasoning
stated briefly below in Sec. 3) that the CNs are roots of the equation

A=4, +mv(K;l(l)¢’(pv) (4)
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that can be obtained as a segment of an asymptotic series in powers of /3

[1"2 MOV j colp) o =g ld). )

m,,

mV|cV|2 +ﬂ2
a a

/1:211/"':5

T

3. The case of n intervals

In the case of n integration intervals in (1)

r=Uir, r;=la;.b;)=(d;,-wd;+w;), j=12..n, n>2, OVF K(4)
can be written, in the vicinity of a pole 4, of N(1,#),¢) as a matrix operator using

the vector quantities and the inner product

f=lpr o) fy=oll. 1)
n
(r.4)=3 (o, o) =2 [l (ar
Jj=1 J=r;
associated with the set of integration intervals. Then OVF K(4) can be represented as
K(ﬂ“)f:Kv(;t) j’v i(f fv) v o (6)

where K, (1) is a matrix OVF with the entries Ky (A),i,j=12,...n

Use (6) and consider a local representation of the integral equation K (/1) f =F in
the vicinity of the chosen pole 4,

K@) =K, (A)f + 7 (F Ry = F ™

v =

where F =(F,F;, ..., F, )T. Applying operator K;l (1) to both sides of (7), we obtain
the equivalent equation

f+ LR A =K F 8)

V
The solution to (8) is uniquely defined if the inner product ( 1, fv) is uniquely
defined. Calculating the inner product of both sides of equation (8) with f,, we
obtain

0 ()fv,fv)[ (l)F,va- ©)

Resolving (9) with respect to ( f, fv) and substituting the result into (8), we obtain

the local representation of the inverse K (/1)_1 in the vicinity of the pole A, :
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kYA F - mv(Kv (E)Frfv) k1) 7 10
L we rEITTTAA "

The quantity ( f, fv) is uniquely defined for any F if and only if the denominator

of the fraction in (10) is not equal to zero. The zeros of the denominator are the points
at which K(1) is not invertible. Since the matrix integral operator K(1) is a

Fredholm and holomorphic OVF, these points are its CNs. Thus, CNs of K(4) are the
roots of the equation

-1
a=a+m K W) 1)) (11)
For sufficiently small w, we prove using the contraction principle, that there exists

aroot A4, of equation (11) which can be obtained as a segment of asymptotic series
in powers of £ ; the resulting expressions are similar to (5).

4. Slotted rectangular resonators
The cross section of a slotted resonator by the plane x3 =0 (in the Cartesian

coordinate system (xl,xz,x3 )) is formed by two rectangular domains

0! :{rz(xl,xz) 0<x1<a;;,0<x, <bl},
.Qz Z{F.' O<X1 <(12,'—b2 <Xy <0}
with the common part of the boundary
o' no? = {r DXy =0,0<x < min(al,az )} containing one or several slots /.

The permittivity gzgi(r),i:1,2;re.(2i . The squared eigenfrequencies of this
cylindrical resonator are eigenvalues of the boundary eigenvalue problem
(M =o' r)olon? 1))

du(r)+ Asu(r)=0, re@=0"'002%, (12)
1 2

L — [ul—u2] o, |[Lo_Lar (13)
al’lM r &1 6X2 & aXZ

The Fredholm property and existence of generalized and classical solutions to the
corresponding inhomogeneous problem are proved in [5—S8&]. Therefore, there may
exist only isolated eigenvalues of (12), (13). According to [5], this problem has a real

a .

l i

, 2( 2 2
eigenvalue between every two neighboring points y,g,’,{ = ﬂ_[n_2+m_2J ,
bi
n,m=0,1,., i=12.These eigenvalues coincide with CNs of the integral OVF K (1)
with a logarithmic singularity that enters the integral equation K (}t)(o =0 to which
this problem is reduced and can be calculated from (11) as segments of asymptotic
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series in characteristic small parameter £ .

5. Numerical
Present some typical results of calculations obtained using the technique reported
in this study for the rectangular slotted resonator shown in Fig. 1.

=4

=2.4

\ b,—2.4

—a,=2.4—

Fig. 1. Cross-section of the cylindrical slotted resonator formed by two rectangular do-
mains connected through a slot in the common wall. Numerical values of the geometric and
material parameters used in computations are also shown.

We consider the influence of the width of the upper rectangular domain

(parameter a;) on the structure of Hlll- and H%O-types of oscillations in the

resonator with and without a slot. Fig. 2 shows the dependences of the eigenvalues
/1{11) , /1(1) of the rectangular cylindrical resonator on the width of domain Q' in the
absence of the slot The curves have the point of intersection when the width of the

domain al—a ~4.156. The eigenvalues at this point are /1(1)( ) 0.7616 ,
(1)( )_
Ayg\a |=0.7618.
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Fig. 3 shows the dependences of eigenvalues of problem A (that is, in the
presence of the slot) of the considered types of oscillations on parameter a; . It can be

seen that the eigenvalue curves no longer merge near the point a" and the exchange of
the oscillation types occurs. This process is called intertype interaction of oscillations.
For more details we refer to papers [7, 8].

6. Conclusion. Acknowledgements

We have constructed approximate semi-inversion of an integral operator on
several integration intervals with a logarithmic singularity of the meromorphic kernel
in a vicinity of singularities and show how this technique can be used for determining
characteristic numbers.
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