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For the solution of the coupled problem of dynamics and aerodynamics of vertical - 

axis wind turbine the numerical algorithm is designed on the basis of Navier-Stokes 

equations. Algorithms of the solution of unsteady incompressible Navier-Stokes 

equations in mobile curvilinear coordinates are implemented on the basis of implicit 

schemes. Testing of numerical algorithms for problems steady and unsteady flows past 

a cylinder, laminar flow past a rotating circular cylinder is carried out. Solution results 

of the coupled problem of dynamics and aerodynamics of Savonius rotor are parsed 

1.

,

.

.  70-

 ( ).

,

.

.

.

.

.

,

.

 ( , ,

), 

.

. ,

, , .

,

.



 ... 179 

2.

-

.

( , , )x y t , ( , , )x y t ,

-

0,
U V

J J
         (2.1)

,
u

e e f f r
t

     (2.2)

r  – ,

( , )
det

( , )

x y

x y

J
x y

– ,

1 u
u

vJ
,

x1 t

y t

p uU u
e

p vU vJ
,

x1 t

y t

p uV u
f

p vV vJ
,   (2.3) 

,x y x yU u v V u v , ,U V – ,

,t x yx y  ,t x yx y  ,x Jy  ,y Jx  ,x Jy y Jx  – 

.

2 2

2 2

2 2

2 2

,
Re

,
Re

x y x x y y

x y x x y y

x x y y x y

x x y y x y

u u
e

J v v

u u
f

J v v

     (2.4)

Re  – , – .

, ,

z MMM
dt

d
I ,      (2.5)

zI  – , M – ,

, M –

, M  – .



180 . . , . .

CBAM 2 ,

 – 

.
,

,0

MM
M       (2.6)

.

.

- . ,

, ,

.

.

.

3. . .

 [1] 

p U V

J J
,      (3.1)

– , – .

. ,

, r  (2.2) 

. ,

D
E E F F R ,     (3.2)

R  – ,

1 p
D

uJ
,

U

E J

e

,

V

F J

f

,
0

E
e

,
0

v

F
f

.   (3.3)

1
1

m m
mD D

R ,        (3.4)

m .
1mR ,  (3.4) 

11
m

m m mR
I D D R

D
,     (3.5)



 ... 181 

I – 3 3 .

, R , ,

.

-

1 1
13 4

2

n n n
nu u u

r
t

,       (3.6)

n t n t r –

 (2.2). 

 (3.2) 

 1n ,

m . , 1, 1n mu ,
1, 1n mv

1nu ,
1nv ,

.

,

,

1

1 1

01

2 3 4

n

n n n

D
R

t u u u
.     (3.7)

,

D . ,  (2.1) 

. -

1, 1 1, 1, 1 1, 11.5 0.5n m n m n m n m n nm
t

I
I D D R D D D

t
,  (3.8)

1 1 1.5 1 1.5
, ,tI diag

t t
,   0,1,1mI diag .   (3.9)

1, 1n mR  (3.7)  [2] 
1,

1, 1 1,

1, 1, 11.5 0.5

n m

n m n m
t

n m n m n nm

R
I D D

D

I
R D D D

t

     (3.10)

 (3.8) .

,

.

 (3.4)  (3.8) R .



182 . . , . .

-

.

,  Roe [3]. ,

,

.

iE

,

.

, ,

,

-

. ,

 (3.2) 

,  [2]. 

.

xi t

y t

Q

E k p uQ k u

k p vQ k v

,        (3.11) 

,iE E F 1,2i ,

1
xk

J x
, 1,2i ,

1
yk

J y
, 1,2i ,         (3.12) 

1
tk

J t
, 1,2i ,

x yQ k u k v .         (3.13) 

0 x y

i
i x x y

y x y

k k
E

A k k u Q k u
D

k k v k v Q

.     (3.14) 

1
i i i iA X X ,          (3.15) 

i  – 

1 2 3, ,i diag ,        (3.16) 

1 tQ k ,



 ... 183 

1
2 2 tQ c k ,         (3.17) 

1
3 2 tQ c k ,

c  – 

2 2 21
2 t x yc Q k k k .      (3.18) 

Q , ,

2 ,   – .

2 2 2 21 1
4 4

1 1
2 32 22 21

4
1 1

2 32 2

0

1
2

2
2

t t

i y x t x t

t

x y t y t

c k c k

X ck u k c k u k c k
c c k

ck v k c k u k c k

,  (3.19) 

1 1

1
3

2

y x y x

i x y

x y

k u k v v k u k

X k k

k k

.     (3.20) 

,

,

. , ,

,

, - .

.

.

.

 Roe [3] 

 Rogers  Kwak [2] 

.

1/ 2 1/ 2j jE EE
,       (3.21) 

1
2

j
E  – , j – .

1/ 2 1 1/ 2

1

2
j j j jE E D E D ,     (3.22) 

1 2j  – .

1 2 0j - .



184 . . , . .

1/ 2 1/ 2 1/ 2j j jE E ,       (3.23) 

E  – 

.

1/ 2 1/ 2j jE A D D ,       (3.24) 

1 2 1j j jD D D .        (3.25) 

 ( )

( )
1A X X ,         (3.26) 

1

2
.         (3.27) 

, j 1j .

Roe [3], , ,

1

1

2
j jD D D .        (3.28) 

.

1/ 2 1/ 2 1/ 2 1/ 2 3/ 2

1

3
j j j j jE E E E .   (3.29) 

.

. ,

 Rai [4], ,

 11 

,  Rogers  Kwak [2]  7 

1/ 2 3/ 2 1/ 2 1/ 2 3/ 2

5/ 2 3/ 2 1/ 2 3/ 2

1
[ 2 11 6 3

30

2 11 6 3 ].

j j j j j

j j j j

E E E E

E E E E

  (3.30) 

1/ 2 1/ 2 1/ 2j j jE E ,       (3.31) 

 0 - .

1  (3.22). 

 (3.31) 

. ,

 [2],  0.01.

 (3.19), (3.20) 

,



 ... 185 

, .

, ,

,

 [5]. 

R

 (3.10).  (3.22) 

-

, ,,j k j kx y

1/ 2, 1/ 2, , 1/ 2 , 1/ 2

,

1, 1, , 1 , 1

2 2

j k j k j k j k

j k

j k j k j k j k

E E F F
R

E E F F
,    (3.32) 

E F  (3.22) 

,  (3.23), 

(3.29), (3.30), . ,

.

, ,

. ,

.

,

1, 1, 1/ 2, 1/ 2, 1/ 2, 1/ 2,

, 1 , 1 , 1/ 2 , 1/ 2 , 1/ 2 , 1/ 2

1, 1, , 1 , 1

1

2

.

ij j k j k j k j k j k j k

j k j k j k j k j k j k

j k j k j k j k

R E E E E E E

F F F F F F

E E F F

  (3.33) 

, , , , ,

, 1 1, , 1, , 1

,0 ,0, , , ,0 ,0,
j k j k j k j k j k

j k j k j k j k j k

R R R R RR

D D D D D D
,  (3.34) 

 – .

, ,

,

, 1 , 1/ 2 , 1/ 2 2 , 1
, 1

1

2

j k

j k j k j k j k
j k

R
B B B

D
,

,

1, 1/ 2, 1/ 2, 1 1,
1,

1

2

j k

j k j k j k j k
j k

R
A A A

D
,



186 . . , . .

,

1/ 2, 1/ 2, 1/ 2, 1/ 2,

,

, 1/ 2 , 1/ 2 , 1/ 2 , 1/ 2

1

2

j k

j k j k j k j k

j k

j k j k j k j k

R
A A A A

D

B B B B

,  (3.35) 

,

1, 1/ 2, 1/ 2, 1 1,
1,

1

2

j k

j k j k j k j k
j k

R
A A A

D
,

,

, 1 , 1/ 2 , 1/ 2 2 , 1
, 1

1

2

j k

j k j k j k j k
j k

R
B B B

D
,

1A A , 2B A  (3.14)

1
111 XXA ,         (3.36) 

1
222 XXB .

 (3.10) 

.

2 2
1

Re
x y mI

J
,       (3.37) 

2 2
2

Re
x y mI

J
,

mI  – 

100

010

000

mI .         (3.38) 

- .

.

,0, ,0, , , ,0, ,0,V X Y Z W D R .     (3.39) 

4.

,  (

) .

4.1. .

( .1 , , )

 ( .1 , ).

 [6-8]. 

:

, .

, ,

. 1.  Re 5



 ... 187 

 ( . 1 ).

.

, .

,

. ,

,

. ,

 Re Re  (  Re 40 )

,

. Re 5 40

 ( . 1 , ).

,

.

.

.

 ( . 1 , . 6 ). ,

, ,

, .

. 40 Re 300

, ,

.

,

.

PC fC

. 2  3. 

, , ,

.

.

, ,

. Re 40

.

.

,

.

Re = 140 -  [9]. 

St Re ,

 Roshko [10] . 5. 

4.2. . ,

, ,



188 . . , . .

. ,

.

. ,

, :  Taneda [11], 

Tokumaru  Dimotakis [12], Filler [13]  Wu [14], Beak [15]. 

,

.

 Re ,

0 2 .

/ 2d U , –

. ,

L ,

L , ,

1.4L , 1.8, 1.9  2.0  Re = 60, 100, 160  200, .  Re = 40 

.

, ,

, .

. ,

, , .

, ,

.

 ( )  Re .

 Re = 200, .6.

,

( .6 , ),

. ,

,

. L

 2-

,  ( . 6 ). ,

.

,

, ,

, .7. 

,

 (Re = 200) .

 = 0 

 = 180 ,

 ( .8). ,



 ... 189 

 (  = 270 )

,  ( .8).

,

.

,

 ( 47 Re 200 ),

L .

,

.

, , , .

, L ,

. - ,

, . - ,

,

, .

,

.

> L , L

, .

, ,

. , ,

, .

, ,

, , ,

.

4.3. .

 ( ),

. -

.

.

, ,

.

 ( <0.1),

.

. ,

, .

. ,

 – .

,

.



190 . . , . .

. ,

, « »

.

. 7. 

,

. ,

, . ,

, . ,

,

. , ,

, , ,

. , ,

, , , ,

, .

.

,  [16]. 

6.

-

-

.

.

. , ,

, ,

 ( , )

.

)



 ... 191 

)

)

)

)

. 1. .
:

 – Re = 5,  – Re = 20,  – Re = 40,  – Re = 50,  – Re = 100 



192 . . , . .

-1,5

-1

-0,5

0

0,5

1

1,5

2

0 30 60 90 120 150 180 210 240 270 300 330 360

Re=5
Re=20
Re=40
Re=50
Re=100
Re=200

PC

. 2. PC

-5

-4

-3

-2

-1

0

1

2

3

4

5

0 30 60 90 120 150 180 210 240 270 300 330 360

Re=5
Re=20
Re=40
Re=50
Re=100
Re=200

fC

. 3. fC



 ... 193 

)

)
. 4.  (Re = 140) 

) – , -  [9] 

) – 

0,12

0,13

0,14

0,15

0,16

0,17

0,18

0,19

0,20

0,21

0,22

0 50 100 150 200 250 300 350

Re

St

Roshko

. 5. .
 Roshko [10]  



194 . . , . .

)

)

)
. 6.  (Re = 200) 

:  –  = 0,  –  = 1,  –  = 2 



 ... 195 

-8

-7

-6

-5

-4

-3

-2

-1

0

1

2

0 30 60 90 120 150 180 210 240 270 300 330 360

    = 0
    = 1
    = 2

PC

. 7. PC

(Re=200) 

-1

0

1

2

3

4

5

6

5 10 15 20

    = 0

    = 1

    = 2

yC

t

. 8. yC

(Re=200) 



196 . . , . .

)

)

)

. 9. :
 – , ,  – 



 ... 197 

1. Chorin A.J. A numerical method for solving incompressible viscous flow 

problems // J. Comput. Phys.– 1967. – V.2.– P. 12–26.  

2. Rogers S.E., Kwak D. An upwind differencing scheme for the time-accurate 

incompressible Navier-Stokes equations // AIAA J. – 1990. – Vol. 28,  2. –

P. 253 – 262. 

3. Roe P.L. Approximate riemann schemes // Journal of Computational Physics. – 

1981. – V. 43. – P. 357 – 372. 

4. Rai M.M. Navier-Stokes simulation of blade-vortex interaction using high-order 

accurate upwind schemes // AIAA Paper. – 1987. – Vol. 43,  5. –P. 153 – 166. 

5. Rogers S.E., Kwak D. An upwind differencing scheme for the incompressible 

Navier-Stokes equations // Journal Numerical Mathematics. – 1991. – Vol. 8. – P. 

43 – 64. 

6.  A.A., . .

-  // 

. – 2005. . 7,  1.- . 56-71. 

7. . ., . .

. – : , 1998. – 160 .

8. . .

. .: , 2003. – 240 .

9. - . . – .: . 1986. – 184 .

10. Roshko A. On the development of turbulent wakes from vortex streets // NACA 

Rep. 1191, 1954. –P. 32 – 65. 

11. Taneda S. Visual observations of the flow past a circular cylinder performing a 

rotary oscillation // J. Phys. Soc. Jpn. – 1978. – Vol. 45,  5. –P. 1038 – 1053. 

12. Tokumaru P.T., Dimotakis P.E. Rotary oscillation control of a cylinder wake // 

J. Fluid Mech. – 1991. – Vol. 77,  6. –P. 108 – 155. 

13. Filler J.R., Marston P.L., Mih W. C. Response of the shear layers separating from 

a circular cylinder to small-amplitude rotational oscillations // J. Fluid Mech. – 

1991. – Vol. 78,  7. –P. 481 – 496. 

14. Wu J.M., Mo J.D., Vakili A.D. On the wake of cylinder with rotational 

oscillations // AIAA Paper. – 1989. – Vol. 10,  2. –P. 1024 – 1043. 

15. Baek S., Sung H.J. Numerical simulation of the flow behind a rotary oscillating 

circular cylinder // Phys. Fluids. – 1998. – Vol. 10,  4. –P. 869 – 893. 

16. . ., . .

 // 

, 2005. . 11,  1.- . 27-35. 


