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[Tepnonnueckoe npogokeHue GQyHKINUNA U pellieHHe YpaBHEHUS
KoJie0aHU CTPYHBI B CUCTEMAaxX CUMBOJIbHOW MaTeMaTHUKH

II. T. Hons

Xapvkosckuii nayuonanvuwiii ynugepcumem um. B.H. Kapazuna, Yxpauna

The formulas of periodic extension of function from segment to full real axis are
proposed. They are used to construction of an explicit solution of the first boundary
value problem for the one-dimensional wave equation for the finite string. Formulas of
primitives of piecewise continuous functions are given.

1. BBenenne

[lepuonnueckue (GyHKIMM UIPalOT B MaTeMaTUKE 3HAYUTEIbHYIO poiyib. OQHAKO
HCIIOJIb30BAHUE HUX OI'pPaHUYCHO HaIIMMU KOHCTPYKTUBHBIMU BO3MOXXHOCTAMU,
CBSI3aHHBIMU CO CJIOKHOCTBIO TOCTPOEHHS (HOPMYJ MPOU3BOJBHBIX HNEPUOAMUYECCKUX
¢yukuuii. [losBneHne cucteM KOMIBIOTEPHON MAaTEMAaTHKH, COAEPIKALINX MHOKECTBO
“HEeKJIaCCUYECKUX~ 3JIEMEHTAPHbIX (GYHKUUH W YMEIOIIUX BBINOJIHATH CIIOXKHbIE
MaTeMaTH4YecKue MmpeoOpa3oBaHMs, oOJerdyaeT pelieHue 3Toi 3amaud. B HacTosmien
paboTe MPeNIoKEeHO HECKOIbKO (OPMYJI, PaCIIMPSIOIINX HAIId BO3MOXKHOCTH IO
KOHCTPYHPOBAHUIO TaKUX (PYHKLINH.

[Monmyyennsie (opMynbl HaxoAsT CBOE MPUMEHEHWE BO MHOTHX 001acTsIX
NPUKIaJHOH MAaTeMaTUKH W TEOMETPHUYECKOr0 MOAEIMPOBAaHMs. 31eCh MBI
3aTparuBa€M TOJIbKO OAHY W3 BO3MOXXHBIX obmacTtell ux IMPUMCHCHUA — PCUICHUEC
OJHOMEPHOT'0 BOJHOBOT'O ypaBHEHHUS MeToA0M nponoinkeHus [1]. OcHoBHas ero uaes
[IPUMEHUTENIPHO K IEpBOM KpaeBOil 3ajade Al KOHEYHOIO OTpe3Ka COCTOMUT B
MMOCTPOCHNHU HEYETHOI'O0 MEPUOANICCKOTO MPOJOJLKCHUA HadaJlbHBIX q)YHKHI/Iﬁ Ha BCIO
BEIIECTBEHHYIO OCb, U 3aTeM IOJICTaHOBKa UX B ¢opmyiy Janambepa. OObIuHO Takoe
[IPOOJDKEHUE BBIIONHACTCS HE C IOMOIIBIO (OpMyJ, a aJIrOPUTMHYECKH —
MOCTPOCHUEM Ppa3HBIX (QOPMyJ B Pa3IUYHBIX O0JACTAX M3MEHEHHs apryMeHToB. B
CBSI3U C OSTHUM IPUMECHEHHE METoJa OrPAaHMYCHO H3-3a CJIOXKHOCTH aHalu3a
noiy4yaemoro pemienus. [loctpoeHue SBHBIX GOPMYIT MIEPUOTUUECKOTO MPOJAOIIKCHHUS
HadanbHBIX QYHKIUN 3HAYUTEIBHO paclIupsieT BO3SMOXKHOCTH U IOCTYITHOCTh METOJA.

2. Ilepuoauyeckoe npoaozkeHue GyHKIUM € OTPe3Ka

s MonmenvipoBaHHMS TEPHOAMYECKUX (PYHKIMHA MBI OylleM UCIONb30BaTh
Heckoibko ¢yHKIuA. OmHa w3 HUX dJIeMeHTapHas GyHKus Mod(x,y) — B3aThe
ocTaTka OT JIeJICHHs YMCla X Ha 4ucio y. Takas BcTpoeHHas (QYHKIMS UMEETCS B
nakere Mathematica. B cucreme cuMBOJBHON MareMaTHKH Maple aHaIOTHYHOM
(byHKOMM HET, HO OHAa MOXeT OBIThb peaJu30BaHa C IIOMOIIBI0 (OPMYIIBI

Mod(x,y)=x-y- X (y # 0), IJie KBaJ[paTHbIE CKOOKHU [z] 0003HauarOT QyHKIUIO
y
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B3ATHS OJIDKAMIIEro 1eyoro He mpepocxopsmero z. dyHkius [z] umeercs B Maple
(floor(z)) m oHa MOXKET OBITH HCITONIb30BaHa IS co3anus QyHKun Mod.

Oynkuus Mod(x, L) saBuseTcss MepuoIuvIecKol Mo MepeMeHHON X (yHKIHuen c
nepuogom L (L>(0), na momymntepBaie O0<x <[ oOHa COBHAJACT C JIMHCHHOU
¢dbyaKInen y=x, 1 B Toukax x = k- L (k =0,£1,12,...) uMeeT pa3pbIBhI IEPBOTO POJA.

MpI Takxke Jacto OyJieM HCIOJIb30BaTh HENPEPHIBHYIO MUIO00Pa3HYIO (DYHKIIHIO.
Hamum eit crienmansHoe uMst Stc(x, w) W ONPENCITHM CIeAYIOMNIM 00pa3oM:

Mod x—y,w v .
2 2

OTo0 HeTpephIBHAS YETHAS MEPHOAMYECKas 0 MEPEeMEeHHOM X QYHKIUS C TIEPHOIOM W,

Ste(x,w) = 2.1

w Ve o
KoTopas Ha oTpe3ke 0 < x < E COBIAIACT C JIMHCHHON (QyHKIUEH y=Xx.

PaccMoTpuM 3amady mocTpoeHHsT IEPHOANIECKOTO POJODKEHNS QYHKINH @(X),
3alaHHOM Ha TOJNyMHTEpBajie [a,b), Ha BCIO BEMICCTBEHHYIO OCh (a<b — KOHCYHBIE
yrcna). OyHKIUIO @(x) Ha 5TOM MONyHHTEpBane OyneM CYMTATh KyCOUHO-IJIAIKOM

HETPepBIBHON (DYHKIIUEH.

[lepunonuueckoe mpomopkeHne (QyHKIUMU @(Xx) ¢ TOTywHTEpBana [a,b) MOXKeT
OBITH TIOJTYYIECHO C TIOMOIIIBIO CIICTYIOMICH (GOPMYIIBI:

f(x)=@(a+ Mod(x —a,b—a)). (2.2)

Jlokazamenvcmeso. Ina x €[a,b), 0<x—a<b—a u Mod(x—a,b—a)=x—a.
Torma f(x)=@(a+ Mod(x—a,b—a))=¢(a+(x—a))=¢(x) u f(x) coBmamaer c
¢(x) w©Ha mnonyunrepBaie [a,b). T.x. Mod(x+ L,L)=Mod(x,L), 1O umeem
f(x+((b-a)=p(a+ Mod(x—a+(b—a),b—a))=p(a+ Mod(x—a,b—a))= f(x),
1 GYHKIHA f(X) SABISETCS IEPUOAMYECKON C TIEPUOIOM b-a.

Eciu  wenpepeiBHas yHkuus ¢(x) 3agaHa Ha oTpe3ke [a,b] M Ha ero KoHIax
MPUHUMAET OJUHAKOBBIC 3HAUCHUS @(a) = @(b), TO pe3yIbTUPYIOIIEE IEePUOANIECCKOES

MpOAOJDKEHHE f(X), mocTpoeHHOe 1o Gopmyse (2.2), OyneT HempepbIBHON (DYHKITHEH.
O4YeBHUIHO, YTO JIOCTATOYHO MPOBEPHUTH HEMPEPHIBHOCTH TOJBKO B Touke b. Mmeem
Jb=-0)=pb-0)=p(b)=p(a)=p(a+0)=fa+(b-a)+0)= f(b+0).  3necp
BeIpaxkeHne f(x+ () o3Ha4YaeT BHIYMCIICHHE MPABOTO HJIM JICBOTO Mpesena (yHKIHH

f(x) B TOuKe X.

Yacto mepex TeM, Kak (QYHKIMIO IPOJODKUTH IIEPHOANYECKH, Ha Hee
HaKJIa/(bIBA€TCS yCIOBHE YETHOCTU WJIM HEUETHOCTH.

Hnsa dysxmum ¢(x) 3amanHoN Ha otpeske [0,L] (L>(0), mpoaoKeHHOW YeTHO Ha

oTpe3ok [-L,0] u 3areM NEpUOJUYECKH Ha BCH OCh ¢ mepuomoMm 2L, dopmyna
MPOOKECHUS UMEET CIICAYIOIINI BH/I;

F(x)=@(Stc(x,2L)) (2.3)

Jloxazamenvcmeo. Ecmm xe€[0,L], TO Ste(x,2L)=x. [TosTomy

F(x)=@(Stc(x,2L)) = p(x), T.e. Ha oTpe3ke [0,L] dyukuusa F(x) coBnagaer ¢ @(x).

Ecmu xe[-L,0], To Stc(x,2L):—x=‘x‘ u F(x)=@(—x) sBIseTCS YETHOW KoIueh

¢yakmmn @(x) c orpeska [0,L] Ha otpesok [-L,0]. T.k. dysxmms Ste(x,2L)
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COBITAJAaET C ‘ x‘ Ha oTpe3ke [-L,L] u nepuoanyHa ¢ nepuoaoM 2L, TO BbIpaxeHUE
F(x)=@(Stc(x,2L)) Oyner mOBTOPATH 3HAYCHUS (DYHKIIUN (pr‘) c otpeska [-L,L] ¢
nepruojioM 2L Ha Bcio ock. Kak nierko 3ameTuTh, eciii QyHKIUs @(Xx) HenpephlBHA Ha

otpeske [0,L], To pe3yabTrpyromas GyHKIs F(x) OyJIeT HenpepbIBHOM HA BCEH OCH.
st dyaxkmmm @(x) , 3aganHoN Ha oTpeske [(,L] n oOpamaromeiicss B HOIb Ha €ro

koHIax @(0)=@(L) =0, HeueTHOE MePHUOJNUECKOe POJTOJKEHHE Ha BCIO OCh MOXKET
OBITH IOCTPOEHO 110 clieayrouleit Gpopmyie:

H

F(x)=(=1)""p(Ste(x,2L)), (2.4)
re KBaJpaTHBIE CKOOKM [x] O3HAUaloT B3SATHE OMIDKAWIIEro IeIoro, He
MIPEBOCXOSIIETO TaHHOE YHCIIO X.

Hokaszamenvcmeo.  Ecnn xe(O,L), TO (—I)L}:l, Ste(x,2L)=x u

F(x)=(Stc(x,2L)) = p(x) . Ecmu x (= L,0), To Ste(x,2L)=—x=|x|, (—1)m =-1
n F(x)=—-¢(-x). Kpome toro, F(L)=F(-L)=—¢p(L)=0 nu F(0)=¢(0)=0. T.e.
F(x) na otpeske [0,L] coBnmamaer ¢ ¢(x), a Ha oTpe3ke [-L,0] sBIseTCsS HEYETHOMH

konuedt pyukiuu @(x) ¢ orpeska [0,L]. [IockoIbKy UMEIOT MECTO COOTHOIICHHS
[HZL} [£+2}
F(x+2L)=(-Dt L Jo(Ste(x+2L,2L)) = (-D'*  p(Ste(x,2L)) = F(x),
To QyHKIUS F(X) sSBISETCSA TaKKe TIEPHOJANICCKON ¢ meproioM 2L.
[Momydennas takum oOpa3oM ¢GyHKius F(x) SBISETCS HEMPEPHIBHON Ha BCEHl OCH,
ecim  @(x)HerpepeiBHa Ha otpe3ke [0,L]. HempepwiBHOCTh ¢yHKIIME F(X) B 0

obecnieunBaetrcst ycnoBueM @(0) =0, TIOCKONBKY WMEIOT MECTO paBeHCTBa
F(0-0)=-¢(-0)=0=¢(+0)=F(0+0). HerpepbIBHOCTs B TOUKE X=L cleayeT u3
yecnoBust @(L)=0, T.K. B CHITy HEYETHOCTH U TIEPUOJUIHOCTH QYHKINH F(X) nMeeM
F(L-0)=¢p(L-0)=0=—@p(-L+0)=F(-L+0)=F(L+0).

®opmyna (2.4) ormnuyaerca oT Gopmyisl (2.3) MHOXKUTeNEM, KOTOPBI MEHSET
3HAK pe3yJNbTHpYoLIel (yHKIMU Ha OTPe3Kax, Ha KOTOPBIX MUI0oOpa3Has (QyHKUIUS

yObIBa€T M, TEM CaMbIM, IIPEBPAILAET €€ B HEUETHYIO MEPUOAMUYECKYIO0 (YHKILHIO C
nepuoaom 2L.

3. Pemienne ypaBHeHuUs1 KoJIeOaHMIi CTPYHBI € 3aKPelVIECHHBIMU KOHIAMH
Ucnonezyem dopmyny (2.4) B MeTOAe NPONOIIKCHUS TNPH PEUICHUU TEPBOU
KpaeBoil 3aJauu U1l OMHOPOAHOTO OJHOMEPHOI'O BOJIHOBOI'O YPaBHEHHUS

u, —a’u, =0 (3.1
Ha KOHEYHOM oTpe3ke [0, L] mpyu HadaJbHBIX YCIOBUSIX
u(x,0)=p(x), u/(x,0)=w(x) (0<x<L) (3.2)

U I'PaHUYHBIX YCIOBHUAX
w(0,0) = g1, (1), (L)) =gy (1) 120 (3.3)
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Pemenue 370 3agaun HaXOAUTCS B BUAE CyMMBI ABYX GYHKUMHI u,(X,f) U u,(x,?).
[lepBast w3 HUX ymoBieTBopseT ypaBHeHHIO (3.1), HadanpHBIM ycnoBusaM (3.2) m
OJTHOPOJIHBIM TPAHUYHBIM YCIIOBUSIM (,u1 ®)=0,u, (t)=0). Bropas ynosnerBopsier

ypaBHeHUIO (3.1), HyJIEBBIM HaYaIbHBIM YCIOBHIM ((o(x) =0, w(x)= 0) W TPAaHUYHBIM

yeaoBmsiM  (3.3). Cefiwac MBI OyZeM 3aHMMAaTbcs TEPBOM 3amadeil — pelieHueM
ypaBHEHUS KOJIeOaHNH KOHEUHOW CTPYHBI C 3aKPETUICHHBIMH KOHI[AMH.

Jns TOM 3amauyu XOpOIIO M3BECTEH METOJ| MPOJOJKEHHUS, KOTOPBHIM B HalleM
cIydae MOXXHO TMpPEICTaBUTh CIEAYIOIIMM o0pa3oM. BreImosHuM — HedeTHoe
MPOAOIDKEHNE HadalbHBIX GYHKIUKA @(x) U W(x) c orpes3ka [0,L] Ha orpe3ok [-L,0] u
3aTeM MEePHOANYECKOe MPOIOJKEHNE MOyYeHHBIX (pyHKIHI ¢ oTpe3ka [-L,L] Ha Bcio
BEIICCTBEHHYO OCh. Takoe MPOJI0JHKCHUE BBIMTOJHSAETCS ¢ MTOMOIIBIO hopmysl (2.4)

X
I'x)= (—1)[J o(Ste(x,2L)), Y(x)= (—1)[J w(Ste(x,2L)) 3.4
[lomyuennsie (mempepwiBHBlE, T.K. @(0)=@(L)=0,p(0)=w(L)=0) He4yeTHbIC

X

nepuoanyeckne Qynkuun ['(x) m W(x) monmcraBnsiem B Gopmyny JlamambGepa mst

OCCKOHEUHOM CTPYHBI
x+at

[¥(@)da. (3.5)

x—at

I(x+at)+T(x—at) N 1
2 2a

[loctpoennas ¢yHkmsa u(x,#) Ha wuHTEepBane (0,L) yIOBIETBOpSIET HAYAIbHBIM
ycnoBusiM (3.2) 1 Ha ero KOHIAX OJHOPOAHBIM T'PAaHHUYHBIM YCIOBHSAM. JTO 3HAYMT,
YTO KOHEYHAsl CTPYHA € 3aKPeIUICHHBIMH KOHIIAaMHU KoJe0eTcs Kak ydacTok 0 <x <L
OeCKOHEYHOH CTpyHBI ¢ HavdanmbHbIMH ycnoBusamu [(x) m W(x). B pesymbrare

u(x,t)=

peleHue 3amadd O KoJNeOaHWM KOHEYHOW CTPYHBI C 3aKPEIICHHBIMH KOHIIAMH
ompenenseTcs Cleayrome Gopmyoi:
x+at x—at

(—1){& o(Ste(x +at,2L)) + (—1)[ L Lo(Stc(x —ar2L)
2 (3.6)

u(x,t)=

+21ax+j-1t(_1)|:L

x—at

} v (Ste(a,2L))do

Ecnm maganpHAs CKOpOCTh (x) Todek cTpyHHI paBHa 0, To ¢popmyna (3.6) maer
ynoOHOe pelieHHe KpaeBOW 3amaud B 3aMkHyToM Buzae. Ecnu dynkums y(x) He
pagua 0, To BblUMCIeHHE WHTerpana B ¢Qopmyne (3.6) BBI3BIBACT HEKOTOPHIC

x+at
cnoxaocTH. ccreayem atoT unTerpan [(x,t) = J Y(a)da .
x—at
OtHocutensHO GyHKIMH ‘P'(X) MBI 3HaeM, 4TO OHA HEYETHAs, NMEPUOANYECKAs C
nepuosioM 2L GyHKIHS, KoTopas Ha oTpe3ke [0,L] coBnamaer ¢ dyHKIMeH y(x) W Ha

€ro KOHIIaX 00pamaeTcst B HOJIb.
Jlemma 1. [lns nroboro z W 000H HEYETHOH NMEPHOAMYECKOH C mepuoaoMm 2L

(YHKIMH f(z) BBITTOMHSAETCS PABEHCTBO I f(&)déE=0.

Ste(z,2L)
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Hokaszamenbcmeo. PaccMOTpUM TNPOU3BOJIBHYIO TOYKY BELIECTBEHHOH ocCH z,
pacroyioKCHHYI0 Ha OTpe3Kke Bo3pactaHus GyHKuuu Ste(z,2L), Hanpumep, B

nojoxeHnuu z =z, (cMm. Puc. 1).

Puc.1.

7 c D E F
Koopnunara touku A paBHa Stc(z,,2L), 1 MBI UMeeM I = I + I + I + I .Ho
Sie(z1,2L) 4 C D E
c
JUIS HEYETHOW MepHOANYecKor (YHKIMH MMEIT MECTO paBEHCTBA If &)dé=0,

I f(&dE + _[ f(&)déE=0 n I f(&)dE =0 kak uHTErpan Mo HEKOTOPOMY KOJIUYECTBY
C E D

nepuoaoB (OI[HOMy, HCCKOJIbBKUM WJIN HU O,Z[HOMy). CHCI{OBaTeJ’IBHO, JJIA BI:I6paHHOI‘O

2]

pPaACTONOKEHHUS TOYKH z=z; IOJy4aeM I f(&)déE=0. Ilycte Temepp TOYKa z
Ste(z1,2L)
pacriosioxxeHa Ha oTpe3ke yObiBaHMsA (pyHKIMH Stc(z, 2L) HamnpuMep, B MOJOXKECHUH
z B D E H
z=z, (cM. Puc.1). Torma nmeem I = I + I + I +I j Ho nns nederHoi
Ste(z3,2L) A B D E G

MEPUOJANYECKON (PYHKIIMM HMEIOT MECTO PaBEHCTBA f f(&dE + _[ f(&)déE=0,
y G

D G E
I f(&dE + I f(&dE=0 n J f(&)dé =0 xak wHTErpaja Mo HEKOTOPOMY KOJIUYECTBY
B E D

nepuonoB.  CnemoBaTenbHO, UISI BBIOPAHHOTO PACTOJIOXKEHHS TOYKH Zz TaKXKe
zy z
[oJIy4aeM j f(&)dE =0. PaccmatpuBaeMblii HHTErpa I F(&)dE takxke Oynmet
Ste(z,2L) Ste(z,2L)
paBeH HYJIO, €CIU TOYKa z pacmojiokeHa Ha orpeske OB wm BD. Anamornyno
MTOKAa3bIBAETCS, YTO ATOT MHTErpaj paBeH HYJIO, €CIM TOYKAa z PacHOJIOKEeHa JieBee
otpeska [0,L], T.e. mst z<0. T.o. yTBEep>KICHUE JICMMBI JTOKa3aHO.

Teneps mi1s uaTerpaiia /(x,¢) MOXKHO 3alKMCaTh IICTIOYKY PABCHCTB
x+at Stc(x—at,2L) Ste(x+at,2L) x+at Ste(x+at,2L)

J.‘I’(a)da = J“I’(a)da + I‘I’(a)da + J“P(a)da = Il//((l)d(l

x—at x—at Ste(x—at,2L) Ste(x+at,2L) Ste(x—at,2L)
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3I[CCI: MBI BOCIIOJIB30BaJIUCh HpeI[LII[y'H.[Cﬁ J'ICMMOfI, us3 KOTOpOfI CJICOYCT, UTO IJid

Ste(x—at,2L) x+at
JMOOBIX X U ¢ UMEIOT MECTO pPaBEHCTBA I‘P(a)da:O u I‘I’(a)da:O. B
x—at Ste(x+at,2L)

OCTaBILIEMCSI MHTErpajie HeYeTHYI0 nepuoandeckyro ¢pynkuuio Y(a) Mbl 3aMEeHHIN
¢yskmerd (o), TOCKOJBKY Ui 3TOTO HHTETpalla OTPe30K WHTETPUPOBAaHUS
LENUKOM TPHHAIISKUT OTpe3ky [0,L], Ha kotopom ¢ynkuus W(«) coBmamaer c
(). CnemoBarenbHO, popmydy (3.6) MOXKHO TIepenucarh B CIEAYIOMIEM BUJIE:

(—1)[ L La(Stc(x +at2L))+ (—1)[ L Lp(Szc(x —at.2L)) |
2 (3.7)
Ste(x+at,2L)
+— f v(a)da

A Ste(x-ar,2L)

x—at

u(x,t)=

Orta ¢opMmysia IaeT SBHOE pEUICHHE 3aJa4d O KOJeOaHUM KOHEYHOW CTPYHBI C
3aKperJICHHBIMU KOHIIAMHU.

3ameuanne. opmyna Jamambepa (3.5) ams GeCKOHEYHOH CTPYHBI TaeT pelieHne
BOJIHOBOTO ypaBHeHus, ecnu W(x) HenpepbiBHO-muddepenuupyemas, a ['(x)

JBaX]Ibl HEMIPEPBIBHO-IHGGepenimpyeMas Gyukimu. [lepexons Kk yHkuusaM @(x) u
w(x), Mbl JOJDKHBI TOTpeGOBaTh [1] BBIMOJHEHHE JIOMOJHUTEIBHOIO YCIIOBUS
¢"(0)=¢"(L)=0. Ecnu 370 He Tak, TO pelieHue, MoIydaeMoe ¢ MOMOIIBI0 (HOPMYJIbI

(3.5) u, cnemoBaTeNbHO, ¢ IOMOIIBIO hopmyd (3.6) u (3.7), Hy)KHO paccMaTpHBaTh Kak
00o011eHHOE.

4. PeuieHue BOJIHOBOTO YPABHEHUSI AJIs1 KYCOYHBIX HAYAJIbHBIX YCJIOBHUIA
Haganpupie 3HaueHns ¢@(x) u y(x) dYacto OBIBAIOT 3aJlaHHBIMH KaK KyCOYHBIE

¢ynkuun. Ecnn @(x) KycouHO-Tiajkas HempepbiBHAsS (QYyHKIHMS M Ha PasIHYHBIX

OTpe3Kax W3MEHEHHWS apryMeHTa MpPEJCTaBMMa pa3IHUYHbIMUA (QOPMyJIaMU, TO e
ypaBHEHUE MOXKHO 3aIlicaTh €MHBIM BhIpAXXEHHEM [3], B KOTOPOM IPH MOJICTAHOBKE
B opmyny (3.7) HaJO BBIOJHUTH 3aMeHY apryMmeHTa x Ha Stc(x + at,2L). Eciu ms

¢dbyakuun (x) mepBooOpaszHas @(x) WM3BECTHA, TO BRIUUCICHHE MHTerpaia B (3.7)
TaKkXe CBOAMTCS K MOJCTaHOBKE B (hopmyiy @D(x) BEpXHEro M HUXKHETO MpPEAEIoB

WHTETPUPOBAHHUA M BBIYMCICHHMS HX pa3HocTH. Ho BbluMcieHHne mnepBooOpa3HO
KyCOYHO-HETIpephIBHON QYHKIUH (X) TpeOyeT HEKOTOPBIX MpeoOpa3oBaHui.

Paccmotpum  cirydait HempephIBHOW KyCOYHO-THHEWHOW ¢yHKmmu w(x). B [3]
[IOKA3aHO, YTO €CIH JaHbl KOOPIUHATHI Y3JI0B JIOMAaHON {(xo,t//o ), (xl,l//l ),...,(xn,l//n )}
(x; <Xx;,;), TO €e ypaBHEHUE Ha OTpe3Ke [X,, X, ] MOXKHO IPEICTaBUTh B BUJIE:

W) =0+ Ve~ ) PO 1% — %) @.1)

k=1
rae ¢ysakims P(x,a,w) onpeaensiercs popmynoit

P(t,a,w)=2L(w+‘t—a‘—‘t—a—w‘) (w=0) . “4.2)
w
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BossMem J0CTAaTOYHO OoJIBIIIOE IO MOAYJK0 OTpHULIATCIIBHOC YHUCIIO tO <a u

!
BBIYMCIIUM HWHTerpan [P(t,a,w)= IP(T,a,w)dz', (w>0). Hna ¢<a momydaem, 4UTO

fo

t t t 2
_[P(r,a,w)drzo. [lpu a<t<a+w wumMmeem jP(r,a,w)drij adrz(t a) .
fo fo a W 2w
t a+wz__a t w
[lpu ¢t>a+w wumeem IP(r,a,w)drz J dr+ Jl-dz’zt—a——. MosxHO
w 2

1 a a+w

3aMETUTD, YTO OTOT MHTETpall IMPEACTABUM B BUJAEC €AUHOI'O BBIPAXKECHUA CICAYIOIICTO

BUzA ;((t —a)P(t,a,w)+ O(t,a + w)), rae

0(t,a) =%(t —a+|t—d). (4.3)

JelcTBUTENBHO, paccMaTpUBas 3TO BBIpAXEHHWE Ha YACTSIX BELIECTBEHHOM ocH
t<a,a<t<a+w u t>a+w, MBI TIOJly4aeM TaKWe K€ 3HAUYCHUs, YTO W BBIIIE JJIS
uHTerpana. Takum oOpa3om, nepBooOpasHas QyHKuuu P(f,a,w) MOXKeT ObITh
MIpeJICTaBJICHA B CJAEAYIOLIEM BU/IE:

t
IP(t,a,w) = [P(z,a,w)dT = %((t —a)P(t,a,w)+Ot,a+w)). (4.4)
fo
IP(t,a,w) sBnseTcs HenpephBHO-TUGdOepeHITUpYeMOoil GyHKIMEH Kak IepBooOpa3Has
HenpepbiBHOW ¢QyHKuMH. Ilpu t<a ¢ynkuus [P(f,a,w) paBHAa HYJIO, Ha OTpE3Ke
a<t<a+w oHa IBIICTCS MapaboJIOH, a IPH £>a SABJIACTCS JINHCHHON QYyHKITHUCH.
C yuerom (4.4) nepBooOpa3Hasi POU3BOJLHON JIOMaHOM, 3a1aBaeMoil popMyIoi
(4.1), c TOYHOCTBIO O KOHCTAHTHI OYAET OonpenesaThes GOpMyIIoi:

W) = [y @dr =y (x=x,)+ YW ~w D IPCx % — X)) (45)
% k=1

PaccmotpumM Tenepp citydail KyCOYHO-HETIPEPHIBHOM Ha OTpeske [a,b] dyHKIHH.
[TycTps 0Tpe30K pa3OUT HA YACTH TOUKAMU X, (@ d =X, <X; <X, <...<X, | <X, =b,un

Ha Ka)XJIOM BHYTPEHHEM NOIyuHTepBane [x, ,x;) (i=1,2,...n) QyHKuus f(x) 3amaercs
rnaakoil ¢pyHkuumeit f;(x), KoTopas HempephIBHA HA OTpe3ke [X; ,X;]. IlycTs Taxxke
BHE OTpe3Ka npu x < x, (yHKIuA f(x) 3amaercst pyHkumeir f,(x), a mpu x = x, OHa
ompenensiercs pynkuuen f,,,(x) .

ITycte mepBooGOpasuble @,(x) kaxmod u3 ¢yHkumil f;(x) wusBecTHl. Torzma
nepBooOpasHas @(x) KycouHO-HEmpepbhlBHOW (yHKOMK f{X) € TOYHOCTBIO MO

KOHCTAHTBI OTPECIIAETCS Caeaytomiel (hopMyJIoi:
D(x) =@ (xy + 0y (1,50)) + (@, (x, + O(x,x,)) = @, (x,)) +

+ zn: {CD,- (x,-_l +(x; —x,_ )P, x,_,x; — X, ))_ D, (x,,, )} > (4.6)
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rae dynkuuu P(x,a,w) u Q(x,a) onpenenstorcs popmynamu (4.2) u (4.3), a Q,(x,a)
1
onpeneinsiercsa popmynoit O, (¢,a) = 5 (t —a —‘ t—a D
Joxazamenbcmeo. I NOKazaTenbCTBa HYKHO —IOKa3aTh, 4YTO  (YHKIHS

X
O(x) = j f(o)dr+C (a TpoW3BOIBHOE JOCTATOYHO OOJBIIOE IO MOIYIIO
a
OTpUIATEIbHOE YHCIO « <a) Tpu Hekoropom C COBMNAjacT ¢ IMPaBOW 4YacThIO
(dopmyiiel (4.6). O603HAYMM BRIpaXXEHUE, CTOsIIEe B ITpaBoi yactu (4.6), yepe3 /(x) .

I[Ipu x<a Oynem wumeth P(x)= )]f(r)d7+ C= ]-fo (r)dr =D, (x)-D () +C.

BeiGepem koncranty C paBHoi @D (). B 3tom ciyuae (x < xo) nMeeM
O,(x,xy)=x-xy, O(x,x,)=0, P(x,x;,;,x; —x;,,)=0 Vix=1. T.o. B BeIpaxeHUu
s I(x) Bce cmaraemble, Kpome mepBoro, obopamiatorcs B 0. Ilostomy momyuyaem
I(x)=D,(x)=D(x). dus cnyqas x, < x <X, UMeeM

X X0 X
O(x) = [f(@)dr+C = [fy()dr+ [/,(D)dr+C =D (xy)+ (D, (x) =D, (x,))
a a X0
X=X,
Ho B »roM cimyuae B BblpaxeHuu i1 [(x) umeem P(x,x,,x, —Xx,)= ,
X1 =X

0,(x,xy)=0, O(x,x,)=0 u P(x,x,_,x; —x,,)=0 Vi=2. Ilosromy BTOpOE
claraemMoe B mpaBoil 4yacTu (4.6) U Bce claraeMble B CyMMe, HauuHas cO BTOpOTO,
obpamatorcst B 0 u Mbl nmosyyaeM, 4ro  [(x)=®D,(x,) + (CDI(x) - d)l(xo))zd)(x).

Jnd cnyvad x, ; <x<x, (k =23,., n) UMeeM

x X0 x| X Xk-1 X
[f@dr=[f,(@dr+ [fi(de+ [f,@dr+..+ [fi,@dr+ [fi(2)dr=
a a X0 X Xk-2 Xk—1
=1
= D (x0) = @ (@) + 2 (@, () =P, (x, )+ (@ (1) =D (3,.1).
i=1
Jns aToro ke moTynHTepBaia H3MEHEHUSI apTyMeHTa B BRIpaXKeHUH i [(x) umeeM
POt x, X, —x, ) =1 Vi<k—1, Px,x_,x —% )= %" u Vizk+l
X = X
P(x,x;_,x; —x;,)=0. Kpome Toro, Q,(x,x,)=0, O(x,x,)=0. B pe3ynbrare

BTOpOe craraeMoe B (4.6) M Bce ciaracMbie B CymMe, HaumHas ¢ (k +1)-ro,

k-1
obpamatotcs B 0, a caraembie B cymme 0 (k —1)-ro garor Z(CD () =D, (x,)).
i=1
Ocraercs takxke k-e cinaraemoe B Bune @, (x) — D, (x,_,). B urore mMel nosryuaem to
e BeIpakeHue i /(X), 4To U s IepBOOOPA3HOM, T.€. B 3TOM Cllydae TaKKe UMeeM
paBeHcTBO [(x)=@(x). Cinyyail x =X, OTIMYAeTCs OT MPEABIAYLIEro NpU k =n

TeM, 9to O(x,x,) =X — X, , 1 BTOPOE cIaraeMoe B IIpaBoil yacTu (4.6) npuHUMaeT BUI
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(DrH—l ()C) -0
JUIS BCEX Y4aCTKOB U3MEHEHHUs apryMeHTa BelpakeHust @ (x) u /(x) coBmamaror.

441 (x,) . B pesynbraTe u B 3TOM citydae noiydaem, 4yro ®(x)=17(x). T.o.

OTMeTHM, YTO 3HAaYeHHWE HCXOJHON KyCOUHO-HETpEepBhIBHOW (PYHKIHMH B TOYKax
pa30OHeHHs X; He CyLIECTBEHHO, IOCKOJIbKY U3MEHEHHE 3HaueHus pyHkuuu f;(x) Ha
KOHIIaX OTpe3Ka MHTETPUPOBaHMS [X; ,,X;] HE BIMAET Ha 3HAYCHHWE HHTErpaja.
[losTomy 3Hauenus nepooOpasHbix D;(x; ), crosmue B dopmyne (4.6), MOKHO

paccMaTpuBaTh KaK COOTBETCTBYIOIIME NpeleNbHble 3HadeHHs. Kpome Ttoro, »tn
KOHCTaHTHI B (hopmyute st mepBooOpazHoit O(x) BooOIIe MOTYT OBITH OTOPOIIECHBI.

[IpuBenem oxwH vacTHBIA cimydail dopmynbl (4.6). Yacto HadanbHAas CKOPOCTh
CTPYHBI 3aJlaeTcsi KaK KyCOYHO-TIOCTOsIHHAsh (yHKOWs g(x), TpUHUMAIOIAs Ha
MOJyUHTEpBaIax X; ;| <X <X; (i=1,2,...,n) IIOCTOSIHHBIC 3HAY€HHs g; M HYJEBOE
3HauUeHHUE BHE OTpe3ka [x,,x,]. Torma mepBooOpa3Hble KOHCTAaHT g,;, OYEBHUJHO,
umerot Bug @, (x)=g,-x, ®,=D,,, =0, U COOTBETCTBYIOIINE CIIaTaeMbI€ B CyMMe
(4.6) npuHUMAIOT BH]

gi '(xi—l +(x; —x )P x L X _xifl))_gixi—l =g (x; = x; )P, X, X, — X))

B pesynabrate Mbl mpuxoguM K ¢opmylie BBIYMCIEHUS mepBooOpasHoil G(x)

KyCOYHO-IIOCTOSIHHOHM (pyHKIMH

G(x) = Zn:gi(xi =X, ) P(x,x;_ 5% — X ) 4.7)

BepHeMcst k pelieHrIo BOJIHOBOTO ypaBHEHHMsI. BOJBITMHCTBO HAYAIBHBIX ()yHKITHIA
w(x) (HayagbHAs CKOPOCThb) SBJSIIOTCS JMOO KyCOYHO-HENPEPhIBHBIMU, KOO

KyCOYHO-TJIAIKUMH HETPEPHIBHBIMU (DYHKIIMAMH, KOTOPhIE Ha PA3IMYHBIX Y4acTKax
W3MEHEHHUsl aprymMeHra oT X, , O X; 3aJaloTcd pasHbIMH (QyHKIMAMH Y, (X).

Hcnonp3oBanue GopMyItsl (4.6) MO3BOJSET 3amycaTh I HUX eAuHOe (hOpMYyIhHOE
BBIpaXKeHHE Ul epBooOpasHoil ®(x) uepes nepBooOpasHbie P, (x) COCTaBIAIOLIUX
Pysunii 7, (x).

Takum oOpazoM, umes nepBooOpazHylo @D(x) KyCOYHO-HETPEPHIBHOW (PYHKIUU
¥(x) , TOCTPOCHHYIO C TTOMOIIBI0 (hopmyIsl (4.6) (wmu (4.5), (4.7)), MOXHO 3amucaTh
SIBHOE PElICHHUE 3aaull KOJIe0aHusl CTPYHBI ¢ 3aKPETJICHHBIMU KOHIIAMU

x+at x—at

(—1)[L} o(Ste(x + at,2L)) + (—1)[ L Lo(Stc(x —ar2L)) |
’ (4.8)
1

+ by (CD(Stc(x +at,2L) - (D(Stc(x - at,2L)))
a

u(x,t)=

®opmyna (4.8) comepXKHT TOJIBKO CYIEPHO3UITUI0 HAYaTbHBIX (YHKIUH W WX
epBo0OOpa3HBIX C AJIEMEHTapHBIMU (GYHKIHMAMH [x],|x|, Mod(x,y) (mmmooOpa3Has

¢dbysxmus Ste(x, w) BbIpaxkaeTcst yepes 3T (QYHKIIUH) U MOXET pacCMaTpUBAaThCA Kak
SBHOE PEIIEHHE COOTBETCTBYIOILEH 3a1auu.
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5. Yuer rpaHU4YHBIX 3HAYECHUIT

PaccmoTpuM Teneph 3amady O pacmpocTpaHeHHWH TpaHH4YHOTO pekuma. OOriee
pemenue npuseneHo B [1, 2]. Ecnu 3amaHo rpaHMYHOE 3HaUY€HUE TOJBKO Ha JIEBOM
xomue u(0,) = u4,(¢), (u(L,t) = 0,u(x,0) = 0,u/(x,0) = 0), T0 pemrenne umeet Buy [1]:

= x 2L N x 2L
w (x,0) =) gt —=—i==2) = p(t+=-i=), 5.1
1 (x,0) i:O#l( P a) i:l,uz( p a) (5.1)

rae Gynkums 4,(¢) coBmamaer ¢ i, (¢) mnpu >0 u pasua Hymo npu (<0. [Ipu stom

dopmyna (5.1) mst mr060H TOUKH (X,f) CONEPKUT KOHEYHOE YUCIIO ClIaracMbiX.
[Ipencrasum dopmyny (5.1) B dopme ymoOHOW ansi peamu3alil B CHCTEMax
CHUMBOJIbHON MaTeMaTuku. bynem cumrars, yro rpanuuHas ¢yHkuusa u(0,7) = u, ()

corjacyercs ¢ HadalbHBIM ycioBueM u(x,0) = ¢(x) =0, T.e. BBITOJHICTCS yCIIOBHE
u(0,0) = &,(0) = 0. YuureBas 3T0, 3aMeYaeM, 4To (GyHKIUSI (1), coBmanaromas ¢
H, (1) s >0, n paBHas 0 npu ¢<0, O6yzner HempepbiBHOH B 0. Takyro ¢yHKIMIO
MOXHO TIpencTaBuTh B Bume (t) = i, (Q(t,0)), tae dynkuus Q(f,a) ompenensercsa
dopmysoit (4.3). Jleiicrurensro, mpu <0 nveem Q(1,0)=0 u u(t) = 1,(0)=0.
Mpu >0 wumeem Q(,0)=t u u()=u,(t). T.o. oysxmus u,(QO(t,0))

aBTOMATHYECKU OOHYJISIETCS IPH OTPUIIATENILHBIX 3HAYEHUSX apTyMEeHTa 7.
OmnpenenuMm Tenepb, CKOJIBKO cinaraeMbix B cymme (5.1) cmemyer Opatb. Jlerko

x 2L
BUJIETH, YTO B NepBOi cymMMe (5.1) momoKuTenpHbIe 3HaYeHUS apTyMeHTa f —— —i——
a a
— x\ (2L at—x at
GyHKOUA 4 MOTYT OBITH TONBKO A i<||t——|/|— ||= <|—1. Bo
a a 2L 2L
o x 2L
Bropoit cymme (5.1) apryMeHTsl f+——i— >0 TIOIIOXUTENbHE TPU
a a
. x) (2L at+x at+L
i<||{t+=|/|—||= < . KomndecTBo 4iieHOB B CyMMax MBI MOXKEM
a a 2L 2L
o at+L
B34Th PaBHBIM OOJbIIEH U3 ABYX IOJIYYEHHBIX BEPXHHX OLICHOK, T.€. 7; = ik

Torpma Beipakenne (5.1) MOXKHO TiepenucaTh B BUAE:
< 2L 2L
(60 = 1 (QU =" 0N+ 2 iy (QU =" =i =2 N =y QU+~ =i~ 20). (5.2)
i=1

Tlie 7, OIpPENeNICHO BbIIE U IPU JIFI0O0M (PUKCUPOBAHHOM 7> () KOHEUHO.

Ecnu 3amaHo rpaHudHOE 3HAueHWE TONbKO Ha mpaBoM kouie u(0,6)=0,
u(L,t) = u,(t), To, aHAJIOTUYHO IpeAbITyLIEMyY, popMyJia, IpuBeAeHHas B [1], MoxeT
OBITH TTpeoOpa3oBaHa K Oojiee yI00HOMY ISl BRIYUCIICHUA BHTY

n,
u () = 0+ i oy ou - -t oy, 53)
pary a a a a a

a

t
rae n, = [;L} u npennonaraercs, uto 4, (0)=0.
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Hns mepBoit KpaeBol 3ajaud, KOTJa HadalbHble M TPAHUYHBIC YCIOBHS
COTJIAaCOBaHBl HAa KOHIAX CTPYyHBI B (0-ii MOMEHT BpeMeHH, HO HE PaBHBI HYJIO, T.C.
1,(0)=p(0)#0 n u,(0)=p(L)#0, oduiee perieHuEe MOKHO MOIYyUUTh CIEAYIOIINM

obOpa3oM. PaccMmoTpuMm BcrmomoraTenbHyr (yHkuuo w(x,t) = u(x,t)— f(x), rae
L)— (0
f(x) = ¢(0) +M

YpaBHEHUIO 3.1, Ha4aJbHBIM  YCIIOBHSM w(x,0)=p(x)— f(x)=p,(x),

x. Torma w(x,t) OymeT YIOBICTBOPSATH BOJHOBOMY

wi(x,0)=w(x), wu rpaunmgaeiM ycaoBuaM  w(0,7) = i, (1) —@(0) = ,u,o & m
w(L,t)=pu,(®)—p(L) = yf (t). B pesympraTe OymyT BBHIOJHATHCS YCIIOBHUS

@,(0) = ,u,0 0=01u oL)= ,u,o (0)=0, xoropbie 0OECTICUNBAIOT CIPABEIMBOCTD

dopmyst (3.7) u hopmya (5.2), (5.3). [Toacrasnsis B 3TH GopMyJIbl HOBbIE HAYaIbHEIE
Y TpaHWYHbIE (DYHKIUHM, ¥ CKJIa[bIBas WX, MBI MOJYYUM IMpEJCTaBICHUE (yHKIUH
w(x,t) 1, cIenoBaTeabHO, SBHOE (POPMYIEHOE PEIIeHNe MepBOil KpacBoi 3amadn s
KOHEYHOU cTpyHBI u(x,1) = w(x,t)+ f(x).

6. 3akr0ueHue.

Dopmynst (2.2) - (2.4) garot crnocod moctpoeHus: GopMya NEPUOAUIECKOTO HIIN
YETHOTO M HEYETHOTO MEPHOANYECKOro MPOJODKEHUS (DYHKIMU C OTpe3Ka Ha BCIO
BEIIECTBEHHYIO OCh. VCHoib30BaHMEe MX B METOJE TPOJODKEHHS TIO3BOISET JaTh
sBHOe (opmynsHOe pemenue (3.7), (5.2), (5.3) mepBodi KpaeBoWl 3amavyd IS
OHOPOJHOTO ypaBHCHMs KOJcOaHWA KOHEYHOW CTpyHBL. Jlosg cioydas, korma
HAYalbHOE CMEIICHHE SBISACTCS KYCOYHO-TNIAAKON, a HadanbHas CKOpocTh /(x)

KYyCOYHO-HETIPEPHIBHONW (PYHKIHMAMH, pElIEeHHE MOXKET OBITh MOJYYEHO B 3aMKHYTOM
BUZE, €CIU TEPBOOOpa3HbIE KYCKOB, COCTaBIIOUIMX (YHKUUIO /(X), HU3BECTHBL

®dopmyisl (4.5) - (4.7) BEIYUCICHUS TIEPBOOOPA3HBIX KYCOYHBIX (PYHKIUN ITO3BOJISIOT
B CHCTEMaX CHMBOJILHOW MaTeMaTHKH C MOMOINbI0 Gopmydibl (4.8) TeHepupoBaTh
pereHus 3amadn KoyeOaHuid KOHEYHOW CTPYHBI JUIsl IIMPOKOTO KJIacca HadalbHBIX
(YHKIMA TPaKTHYECKU C JFOOOH CTENeHBbID TOYHOCTH, HE HCHOIB3YS CIOXKHOTO
nporpaMMupoBaHus. Psj mpumepoB pelieHus: BOJHOBOTO YPAaBHEHUS, HCIIOIb3YIOIINX
dbopMmynsl HacToOsIEH pabOTH, NMPHUBEACHBI B MakeTe pacmupenus PscFunctions
CUCTeMBbl CUMBOJbHOM MaTtematuku MAPLE, npeacTtaBieHHOro Ha MHTEPHET caiTe
www.maplesoft.com/products/thirdparty/PSCFunctions.

Meroa npoAoHKeHHsI IPUMEHUM ISl PEIICHUS Pa3IMYHbIX 3a7a4, HalpuMep, Mpu
peLIeHUN YpaBHEHUS TEIUIONPOBOAHOCTU. Besne, rae Hcmonb3yeTcst 3TOT METOZ,
OymyT ToJe3HB (POPMYIIBI TEPHOAMIESCKOTO TPOAODKCHHS (YHKIUHA HACTOSIICH
paboThI.
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